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Equations of motion of charged particles in general relativity theory are obtained 
by means of the new method developed by Infeld in 1954. The results differ in details 
from those published already by Wallace and Bertotti. 


In 1954 a new method of derivation of the equations of motion of bodies from 
the field equations in general relativity was published by Infeld (1954). In that paper 
a great simplification in the procedure of obtaining the equations of motion was 
achieved by the use of Dirac's Ó-function in the energy-momentum tensor. 

This method may also be applied with success to the problem of motion of charged 
particles. It is known that in Maxwell’s electrodynamics the equations of motion cannot 
follow from the field equations; nevertheles if one takes into consideration besides 
the electromagnetic interaction also the gravitational interaction (tending with it 
later to zero) one may get in an unique manner already in the special relativity theory 
the equations of motion (see Infeld 1955). 

The object of this paper is to derive the equations of motion (in the non-New- 
tonian ease) of charged particles in general relativity using the method published by 
Infeld (1954). 

The same problem was treated in 1940 in the doctor thesis of P. R. Wallace 
by the method of Einstein, Infeld and Hoffmann (1938) and the results 
were published later without details of calculations (Wallace 1941). The calculations 
following from that method are tedious. Not long ago there appeared a paper of Bertot- 
ti (1955) dealing with the same subject. The starting point of this paper was the geodetic 
line principle and not the field equations, the results obtained differ from those DE 
Wallace. 

The method presented here permits to give all essential steps of the calculations. 
The results obtained disagree somewhat with those published in the papers of Wallace 
(1941) and Bertotti (1955). 
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1. General formulation of thé equations 

We consider the gravitational and electromagnetic fields of two! charged particles, 
the masses of which are * and 7î, and the charges @ and @ respectively. Let the 
coordinates of the point of the world line of the first particle be €°(t), and of the 
second — 7%(t) (x = 0, 1, 2, 3). The gravitational and electromagnetic fields of such 
particles are defined by the following system of equations 


R— > eR =— 82x T”, (1.1) 
Popa Ace Tae (1.2) 
fag = Aa; — Ag; a CSS) 


where g% is the metrical tensor; R” and R are respectively the results of simple and 
double contraction of the curvature tensor density ; f? the electromagnetic field tensor 
density; 7” — the current vector density; x — the gravitational constant and ۶ 
the density of the energy-momentum tensor due to the matter and electromagnetic 
fields, i. e., in our case: 


Tê =M” + Ee (1.4) 
where? 
1 12 n. Peers ee : 2 
M^ — m (t) 0 E £^ + m (t) s q^ v; £—.9 =1 )1.5( 
ave. d — 
Eg = an ue fre) (1.6) 


1 
dots mean here time differentiation, ô; is defined by 


1 
رم۵‎ = Ô (x! — £1) ò (x? — £?) ô (x3 — £3), 
2 
رم۵‎ = Ô (x! — 0!) 6 (x? — n?) ô (x8 — n’). 


1 The restriction to two particles has only technical reasons; the whole argumentation given here 
is valid in the case of n bodies also. 
? Let us remark that in covariant notation 


+00 


and when we choose instead of s a new variable x° = t, we get 


déa déb dt 


= sh iet al a و‎ 
OBI aT 


dt = m (i) êg (x—8) &&B, لیے‎ =, 
where 
dt 


o‏ ا 
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Because of the Bianchi identities the field equations (1.1) give us 
7-7 E O. (1.7) 


From these four partial differential equation we can obtain (see Infeld 1954 or 
1955) the equations of motion for the i-th particle by operating on the left of (1.7) 


1 
with? (dt/ds) T یا‎ x... — where Q is three dimensional region sourrounding the 
i 


Q 
i-th particle. Thus we get eight ordinary differential equations (which are 
fulfilled because of the field equations): 


[7,5 da x = 0 ف0‎ )1.8( 
o 
1 2 
These equations determine eight functions: m(t), m (t), éF (t), n* (t) (15127903) 
by means of which we can determine the motion. 
According to (1,6) and (1,2) we get 
"یت‎ com I", 
where 


11 5 22 e 
I" = e نہ‎ é” + e 63) Tee 


Thus instead (1,8), we have 
إ‎ (us +f 1") diz) x = 0 (ries 12), (1.9) 
Q 


We can write out these equations‘ only if we solve before the field equations 
(1,1) — (1,3). The latter may be also written in the form 


n^? — کک‎ (we + et 5 "w]. (1.10) 
where M — M^, and 
475, = 4n I — A, RS (1.11) 
with the condition 
7 Ae =0. (1.12) 


3 The factor a E us the four-vector character of the equations of motion (see Infeld 1955). 
s : 


Later we can divide the equations by this factor. 
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II. The approximation method 


We will solve equations (1,10) and (1,11) by means of the same approximation 
method which was used in Infeld's paper (1954). We assume 


Sag = "lag + hag (2.1) 
(noo = 1, Nom = 0, Nmn = — Onn Greek indices = 0, 1, 2, 3; Latin indices = 1, 2, 3). 


t 
We develop the quantities h,, and m(t) (i = 1,2) in the power series (with re- 
spect to the powers of v/c) 


5; (asi o phe T (2.2) 


It is characteristic in this method that the derivatives y,, with respect to the 
space coordinates x* preserve the same expansion order as the function g, and as 
a result of the time differentiation the order of expansion rises by one. From 


بر = م 
it follows therefore that‏ 
DP» Pro= È Po. (2.3)‏ کر“ 
n n n ntl‏ 
The physical reasons of this property as well as of taking into account in the‏ 
developments (2,2) such terms only which are of odd (even) order were explained in‏ 
the papers of Einstein, Infeld and Hoffmann (1938), and of Infeld (1938, 1954).‏ 
We assume further that the charge is of the order two only, i. e.‏ 
e =e. (2.4)‏ 
2 
This assumption may be founded in an heuristic way in analogy to what has been done‏ 


by Infeld (1954) for the lowest term in the development of m which is also of the sec- 
ond order. 

As in the special relativity (see Infeld, Wallace 1940) we may choose here one of 
the two possible solutions for the four-vector of the electromagnetic potential, the 
"standing wave solution* or the retarded solution. We take now the standing wave 
potential and put ۱ ۱ 


1000-0 49 = وہ 
pies‏ 2 


A” m Au. A® (2.5) 
3 5 ۱ 
Later we shall -consider the retarded solution also. 
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It follows from (2,5) that the lowest term in the development of E^? is of the fourth 
order, so that the terms which are due to the electromagnetic field appear in the grav- 
itational field equations for the first time in the fourth order approximation. There- 
fore the quantities hoo hom Amn have the same meaning as in Infeld’s paper (1954), i.e., 

$t 


1 2 
2xm 2xm 
hg = 9 = — — ,ی‎ (2.6) 
3 r r 
where i 
m= ”تہ‎ E (j= EF), 
2 
r? = (X —n*) (^ 7), 
1 2 
and Ax T 4x m 
hog = a 8" + na (2.7) 
3 r r 
Penn m Onn g. (2.8) 
Beyond this, we have 
hO =— hy; hom = M". hpn = — ۳۴ (2.9) 
2 2 3 3 2 2 á 


We see according to (2,2) and (2,5) that-the electromagnetic field equations (1.10) 
in the lowest approximation are 


11 22 
AD, = — Arum, = 4n (eða + € ôg), 
2 2 
DID 22 


4m lA MEL = 4n (e ôa 5" + e ôa n"). 


Hence 1 2 
E poy (2.10) 

A n ph 

1 2 
Am = £ img am. (2.11) 

r 21 


This solution fullfills automatically the condition (1,11) (in the third approximation 
order). ; 


III. Equations of motion in the lowest approximation 


Equation (1,9) for œ = 0 contains in the lowest (third) approximation no electro- 
magnetic terms. By the same calculations as by Infeld (1954) we obtain 
1 2 


m = const.; m = const. 
2 2 
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For a = m equations (1,9) give in the lowest approximation order 


[ors METRE ol M" eu) dae = 0. 
3 1 4 2 22 
1 2 


Q 


The three initial terms were already calculated by Infeld (1954); taking into account 
the expressions found by him, we have 


1 2 
mm 
1 22 0 
m é” — x |—— + fe 8ر‎ dg x = 0 
2 ^g" 2 و‎ 
where 
سے تر‎ (EF E. n) éF — y") 
Because of ; 
11 22 
TIAS EIE T — TES = HOH 
2p en 2.082 2 
we havet 
12 
ee 
f I? di x = | — 
2 2 LE کر‎ g" 


Thus the equations of motion in the Newtonian approximation for the first particle 
are i 


1 2 A 
2 
; i 3.1 
ee ; 5 
m Emne Pe TETTE dll = 0. o 
2 r g” r jm 
1 2 2 


Replacing the quantities m, e, & by m, e, j we can obtain the equations of motion 
for the second particle. 


Equation (1,9) for œ = 0 written in the fifth order MER (as by Infeld 1954) 


the relativistic mass correction 


0 0 
00 m m 00 0 p E 
| (xe a+ 2 pem enm 412) dnt 


oe 


Since f Os) ری‎ x = 0, it is sufficient to write in the integrand above only the terms 
i 
E 


4 As in the paper of Infeld Ce IA " ad ) ¥ = 0, according to the spherical symmetry of the 


Ó — function. 
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1 
which contain م۹‎ Thus 


Jin ۹۷۷ ۶۲ 


9,má‏ + کن 
2 0 4 2 
Q‏ 


569 


11 


1 
"Os + > Pro p رم۵‎ + 


1-1 : 
+e bg PP, ' day x= 0 


After integration, we obtain 


12 1-2 : 

1 A mm ۱ mm ae 
(nen) E peer Eod | | 

2 4] 0 7 EIRE 


Ek — 0. 
7 r |> <b 3 
We eliminate here by means of (3.1) the term dependent on the charge. As a result 
of this, we get 


1 2 

1 1 m ش10‎ e 
Mali — کک وو‎ — mén £n — 0. 
2 4 r 20 2 


1 
Hence, to within an arbitrary constant M: 


4 
1 2 
1 I وہ‎ URL 1 39 
re Pele ce و مر‎ (3.2) 
4 2 9 r 4 


i.e. we have got same formula as in the case of pure gravitational field (see Infeld 1954). 
1 2 2 
When we change m into m and é into 7, we get an analogous formula for m. 
2 2 


& 


IV. The solution of the field equations in the next approximation 


To determine the non-Newtonian equations of motion we have to find from the 
system of equations (1,9) and (1,10) the quantities hoy and 49. We write equations (1,9) 
4 4 


up to the fourth approximation order. They are 
: ; 
R® = —8zx |, EE میں‎ (| 
4 4 4 4 4 
1 1 
-—sas| Eam 2 اس + ر‎ E 
24 24 4 
Remembering that f 


R9 — R + V—g R® = Ry + 249 Ry, V— g Roo 
4 4 :2 2 4 2 2 2 3 
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and that 
m 1 
0 v Q; ss 
1 il 1 1 
= سے‎ — AE WAS pos ig 2 SS h ? 
Roo 2 ho ss + 9 P» 00 eps 2 Qs Pss 9 9o T Nos e 
۷ - چ‎ = 1 —ọ + terms of order > 2, 
2 
we get 


1 1 1 1 
00 — — (g? 4 E — — 4.2 
A 4 (9 E 2 P Poss + 9 9» 00 2 hoo 00 ° ss * ( ) 


On the other hand by means of (1,3) and (1,6), we have 
Tod ux pore ae 20 ds . (4.3) 
4 4 87 و‎ 2 


From (4,1) — (4,3) according to (1,5) and (3,2), we find 


1 D IP qe ET 
hos = y (s Pea Pro + Bam | o me & dca) + 
"e 12 (4.4) 
mm mm 

ug وت‎ MAT 1 2E 428 

oe monn 7 ہے تر‎ O OSE Mg + M 68) دا‎ 2e de daii 
This equation differs from (A,6) in Infeld’s paper (1954) only in the electromagnet- 

ic term. Therefore it is sufficient to solve the equation 
C s ste a. DEUS gH (4.5) 
2 


? ss 


and to add its solution to that E id 6) in the paper of Infeld (1954). According to (2.10), 


we have 


tyt 22 
(e (a) EE € 8)). 


BEES 


1 
Ci ME AeA) + 82% E T 
2 2 » 
j 1 12 idol 34241 md 
We ignore here the terms proportional to (1/7)?, s» (l/r r); s» c/s gr, gr which, 
as it was shown by Infeld (1954) introduce into the equations of motion expressions 


giving zero or “infinite constants X &“. These expressions will cancel out with terms 
coming from the “renormalization constant^ M. Thus we get 


2 12 


2 
e ee 
C ~x |z| —2x— 
r 
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and adding this electromagnetic term to (6,14) in the paper of Infeld (1954), we find 
2 


2 2 12 
m m mm 
2l 2 2 2 2 2 
hoo ~ 2 x? |-> — mr — 3% + Nn + 2x2 22 4 
4 2 2 
r r rr 
2\2 12 
e ee 
anum و بيب‎ (4.6) 
r nr 


Now let us calculate do The left hand side-of (1,11) can be transformed into 


ZI =a 2 4 Hab 8ء0‎ 8 ۲ 


menn 


1 
4^; م‎ = — A0, + 4,99 — 49, 19, 1 — 3 A? p,u — A’, u ا‎ 
4 2 2 2 2 


hence 


On the right hand side we have 


= ^ RO — — p Ag y A? pon 


= g 2° 2 
Thus for a = 0 we find from equations (1,11) 

9 Ils A9, oo — 4°, Po,,— A? Pu = 
4 2 2 2 
0 l وس‎ l 40 l 40 

= 45, 99 — 5 (4? p) + 5 AP o A? 9, n. 

2 2 2 22 2 2 
Hence omitting the terms which give in the equations of motion expressions pro- 


portional to 20 x é, we have 


12 1 7 
nue e m em-—em 
e 2 2 
ec تی‎ 
A~ ynhet*a + % 2 
r rr 


V. Non-Newtonian equations of motion 


We develop up to the six approximation order the expression 


fp men n + lor E r| do 6.1) 


Q 


AOL S. Bazanski 


The first term of this expression gives zero. For the second we get 


i5 Dos 1; 
| ۷۳۷۳9 + M™, o) dug x = m &™ + m £" + mé". 
3 1 5 1 2 4 5 


1 
Q 


According to (3,2) [remembering that (l/r), g = — (1/r),,;] and to the Newtonian 
equations of motion, we have 


No 1-5 12 1 ہی‎ 
f er. ang dx = m Em + mé" 4+ 2xmm 6 E 
3 1 5 1 2 4 2 2 Ẹ 


83071 T 12-/] x 
—xmmi|-— Em ys _ee | — inr 7 (5.2) 
UF ese? TESTE 


2 2 


The first and fourth terms give exactly the same results as by Infeld (1954) 


MP pe hime 1 7 7 
ps MT dot Qn ra ری‎ REE m x (5.3) 


PR p% ? bad i (=) ; ae (4) 

M X -—-—Zxmms$"yi1i-— —4xm Pym | — 

1 2 qe 2 2 JV 5 4 0 von 
Q 


1515 oa Bel 
+ 4x mm &? nP | — nr (5.4) 
2:99 ا 0ر‎ 


The fifth term consists of three parts. Let us calculate the first two: 


Ir m 
so 4° + oj | o 
1 2 2 


Q 
nm (4) nm (4) 
=e m mN ےا‎ Hn me] 

399 E 251100 


By means of (3,1) and (3,2), we have 


m m 
J lio foo] 0۰ 
S 2 2 : 
12 


1 مر‎ adeo eir att ea cta 
= #4 m — سے کک‎ E ڪت‎ = 
"(2) pêl) n a. a 3 (2) 


Li 


It remains yet the third part of the fifth term 


2 2 


2 
e mila xm. 
ho ados ~ 223 — jo ewm E 
i 4 1 7 ۱ 
Q ; 


uf om ; Lf 20 
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2 2 


l 11 1 Cor yaffa Te 
Tow :وو‎ m 0:3) dia) x = 4%? mm — | — — 42mm |— "y" — 
4 2 r s g” rjg 


1095199 D o a ea 122 ۹ 
—4xmm —1" — p xn nn mm |— +x?m m— |— — 
2-322 2 20 em E VL ES 
MW ۶ "Tr TT 1222 ٦ 
— 5 Ih IMT Som EE Mm — | — پت‎ Ti c 
ہے‎ 20 EE 2000 id SETA TA em 


and according to the Newtonian equation of motion 
PLE m i یں 1 و‎ 
e 2, a a Ra 
1 4 
Q 


ud | : 75‏ لامج ہس 
oi cat E Sem D K r 0‏ 


1 12 سی‎ 121 1 
سے‎ —xmmr. sn? + xe m— | — = 
2 A m »g مع‎ em N N ,ام‎ g" 


3 


Gy dé 


20+32 : 
—sxeem+(+] ; (5.6) 
DU r ret 
The last term consists also of three parts: 


ESIR MD 
a i AD 


Q 
From 
2 2 
fracta o E "ari + n” 
T ^n r 2m 
we have 
PS 1 709 E : 
| perdes ee bein (2) arr) (5.7) 
NE 
Since 


"= (4 DO mo — 9 foo = Am0 + Mos m Tw 

4 4 2 SE 8 4 

et p Ap, m= 2 =f (Ae A o A?) in Sr PA! m = Ara i 
2 ھ8‎ 2301 4 2 2 3 


+ A, + 9,49 --29 AS, » 
4 2 
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314 
we see that 
2 2 153. 7224 
2 2 x me em-—em 
e > ex 2 2 2 RU 
fo I dis x = 2 دو یل روا‎ yc 
4 2 r 7 ID 
1 1 20 2m 
Q 
: 2 12 
"A x3 Lm Pan 12 28 
AU سی ےووہ تد‎ S pm 
—2x ap ES e رم رم۵‎ x = : 1 ee P انی‎ SF 
r r 
»m 
122 
12 v 2 1 
P s EX 
T3 Cer apo pn Tf Uic IMS 
121 
60102 1212.1 43 
— x — —4xeem- —|— : 
i r pa fs et ^ d TS 
By means of the Newtonian equations of motion we obtain 
1 2 1222 MY 
ee 1 e ce t bil E 
oU aay aues E =| —eel— sym 
IE o o r Ret a r 5ئ‎ r 0 al 
1 z 2 
Q 
at 122 212 
em . mee 
rca PR MET X A di (5.8) 
2 > et ep em N 1 r r nan r r Se d 
| 12 
ee 
fo I dix = | — (5.9) 
2 2 T m 
1 E. 
Q 


We add now formulas 6, 2) — (5,9) and find the non-Newtonian equations. of 
motion 


E "0 027 12 ۱ 
m poen = yn 1 SE I) fet Bet مق‎ (5.10] 


where F, describes the relativistic correction to the clasical ا‎ force, F, — 
to the EG dere force, and F,, represents a force due to the interaction PME. 
the gravitational and the 220و‎ fields. 


UT. می‎ 
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We have 
1 
E و ٹر‎ Pes .وت‎ M 4 ai 
"—xmmnm SESS AES s__ 4 &s Dens کک ر 0ت "۳مم‎ 
z 7 doque Foe IIR iei os 


A = A 2 A > à l 1 ^ 
022 0 359 ) 35 35$ 7 —4 7 n] SS (5.11) 
bob eer ae 
۲ ë r 3 r و‎ 


12 
é 4 l 8 T 1 M ee l 
els (2) ems [Eoo 202001 )5.12( 
m 
2 


The F,-force is of course common for all the papers which are dealing with this 
problem till now. We have obtained here the same F,-force as in Wallace’s paper 
(1941) in contradistinction to the corresponding result of Bertotti’s paper 
(1955). The F,-force must be evidently the same in general and in special rela- 
tivity. 1 
The expression for the F, — force is different in all these papers. The correspond- 
ing result of Wallace is 


12 1 2 
HP =a + m+ (3) 
2 2987 ا ا‎ 


r 


while by Bertotti 


192 1 12 1 کون‎ i 
AP = 7422 (4) +3422 (2) 2o m2 (a 
r LO Pe: r LEO Tr DE. 


We see that our result is rather similar to F® than to FQ” but the FY-force differs 
from (5,13) in the coefficient of the second term and does not contain the term which 


121 
is proportional to e m. , 
2 


The order of magnitude of the F,,-force lies of course for below the possibilities 
of contemporary experimental methods. 
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N Se 
VI. The account of the radiation field 


X obtain the retarded solution of the field equations when we add to the „standing 
wave“ solution (2.5) another solution which represents the „pure radiation“ field, 
i.e., a non-singular solution with the developments (see Infeld 1938) 


Ao = Ecce 
xb direh 
4 6 


This solution fulfills the system of field equations (1.10), (1.11) and (1.12) with 7^ = ; 
O ES ; ; 
1 | 

qua | (6) — 

P ML AAR (0.2) 1 

A®;, = 0. seg (6.3) 7 


For A? and A* we have the same equations as in special relativity, so we can put, accor- - 


3 4 | 
ding to Infeld and Wallace (1940) ~ 


ons i 
40-0 A= رم و‎ E: (6.4) 
3 me 


Now we will write down the equations 62 for dis We oe 


Bios S re. As * فوصت‎ => At 5 E 
| Z = Y gg? Ara) = “o 7 Vall "S uvis 


ee 


The Equation of Motion of Charged Particles Sit. 


we obtain 
; 70+00 Fig) 129 2 
HEEL o UP) cy (eel tent. (6.5) 


Thus 4* differs by the last term on the right-hand side above from the corresponding 
6 


solution of special relativity. 


Now we seek 19 by means of the Lorentz condition. From (6.3) up to the sixth 
5 


approximation order, we have 
(V-g -g A^), = E s ak: dive (pA) -—0. 


According to (6,4) and (6,5), we obtain 


2 
e dł 1 e d 
سر ہا‎ TRL 
Or 
1 : 2 t 
e.d3 e 
ا‎ 6 d? j= r3 dr (r°), ۱ (6.6) 


i.e., again the same result as in the special relativity theory (see Infeld and Wallace 1940). 
Let us write more in full the expression above 


1 171 
A? = e IG T Thin =e Fu Ëk &P (rra Ë اج‎ + 


Tiaa ] 22 225252 VEND 29 DAE 2:2 P. 
زع لہ‎ é +e| HT akin + Ton Tod nF n qn — (Traa کرو ٹر(‎ + rrr. 
Since 


(3 1571 41 11 1*1 1241 Mc 
(z LIT, > Fo Tak] e il P سے‎ D Eras ratas + ۶۷ Te Tata) È é é 


and 
zum 
(r T, :)۾‎ = On | (6.72) 
11 33 3ہو‎ 1 1 ; ۱ 
ما ہیا ا یو‎ Tink + Tonto = 9; .. (6.7b) 
2 


(similar formulas are Ax of course for r and 7) then 


ENIRE | 
4 = P وشن بی بے‎ kg (6.8) 
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When we wish to take into account the retarded solution for the electromagnetic 
field, we have to add to the left hand side of (1,8) (for x = m) the expression 


ae I* d x, 

i 

2 
where f"" consists of the radiation field potentials only. The lowest non-vanishing 
expression of this type is 


0 E d X, 
i 


Q 


which we have to add to the non-Newtonian equations of motion. Let us calculate this 
expression. We have 


Tur P) occ 
F o= ams t Mig = (E + en") + 
1 5 


5 4 


1 t1 2 22 


+ e (FF, E — E E, p + e (rran? — ۵ 


Taking into consideration (6,7a), we obtain: 


Hence 


212. 2" co 
f" روڈ‎ edgx=— Se م > سس‎ y”. 


Thus in the radiation case to the right-hand side of the equations of motion (5,10) 
there comes yet the well-known force 


D YE D Dn 
Frad کی مد سوج‎ aa p. 
I wish to thank Professor L. Infeld for suggesting this subject and for his care 


during the preparation of this. paper. 


KPATKOE COJIEPDKAHHE 


C. BaoxxaHckKHii, Ypaeueuun deuocenua 3apAnceHHelx uacmuy e obwet meopuu omnmocu- 
meAsHocmu. — 

lIpuwenHeH HOBbIÄ MeTO/I, paspa6oranubrit Hnbenbw B 1954 r., mus BEIBeqeHHA ypaB- 
HeHHH /IBIDKeHH3 3ap;DKeHHbIX uacrHi B o6nreit Teopum OTHOCHTEJIBHOCTH. TlomyueHHbIe ypaB- 


HeHH3 OTJIHHaIOTCH HEeKOTODBIMH UJIeHaMH OT ypaBHeHHii, IIOJyHeHHBIX paHblle VaJJA4coM 
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ON A METHOD OF PRODUCING STRONG MAGNETIC 
FIELDS OF SHORT DURATION 
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Institute of Physics, Polish Academy of Sciences, Adam Mickiewicz University, Poznan. 
(Received July 7, 1956) 


A method of producing strong magnetic fields of a duration of the order of 50 psec 
using a condenser battery of a capacity of 2 uF charged up to 50 kV is described. The 
problem of making a mechanically resistant coil is discussed. A method of measuring 
the field intensity with a search coil connected to a cathode ray oscillograph is given. 
The fields attained intensity up to 350 000 oersteds in a volume of about 1 cc. 


1. Introduction 


It is more than thirty years since the first paper was published by Kapitza on the 
production of strong magnetic fields. The general principle of his method consisted 
in obtaining a field of short duration (about 0.01 sec.) within a coil. It was thus possible 
to deploy large power without burning the coil. As a source of large power (several 
thousand kilowatts) a specially constructed accumulator battery (Kapitza 1924), 
and subsequently a special generator (Kapitza 1927) supplying about 55000 kilowatts, 
were used: by Kapitza, yielding magnetic fields up to 320000 oersteds in a volume 
of 2 cc. | 

A charged condenser was used by Raoult (1949) for the producing of transient 
magnetic fields up to about 50000 oersteds. This more modern method was also used 
by Myers (1953) who constructed several coils capable of کاو مان کس‎ fields 
up to 250000 oersteds. 

The problem of the considerable rise in temperature of the coil was treated in 
detail by Ince (1955). In an experimental coil (1.8 cm in internal diameter) he obtained 
a field of 130000 oersteds. In his experiment the energy obtained from a bank of 
charged condensers amounted to 5000 joules. 

The production of strong magnetic fields of short duration 2 two main 
problems: that of the source supplying the large power and that of the coil design. 
The authors apply a condenser battery of a capacity of 2F charged up to 50 kV 


(381) 
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(2500 joules) as a source of large power. A special gas-discharge tube acted as switch 
connecting the condenser battery to the coil; the air pressure within the tube was 


regulated by means of a vacuum pump (Fig. 1). 


Coit 
Gas- discharge tube 


` Condenser 
battery ZuF 


To the vacuum pump 


High voltage supply 
Ca 0.5M 82 


Fig. 1. Diagram of dischargescircuit 


2. The Coil 


The construction of a coil for the production of intense transient fields should 
fulfil the following requirements: 
۱ a) sufficiently large inductance of the coil, 

b) largest possible space factor, i.e., the largest possible fraction of the total 
volume of the coil occupied by the metallic conductor, 

c) great electric strength of insulation, 

d) great mechanical strength of the coil. | 

A too small inductance of the coil is disadvantageous, and results in a consider- 
able loss of the magnetic field on the inductance of the capacitors and conductors. 
For instance, in the actual arrangement using non-inductive capacitors and with a length 
of about 100 cm of conductors, the inductance of the coil should exced 2 x 10-5 henry. 

In our experiments all the energy stored in the capacitors is dissipated in heat; 
therefore the mass of the coil wire must be sufficiently large. Using a special arrange- 
ment, e.g., thyratrons, it is possible to limit the current to the first half-cycle. In the 
latter case only 10 to 30 per cent (according to the Q-factor) of the total energy would 
be dissipated in heat. For references and further discussion see Ince (1955). 

The requirement of a large space factor renders the application of a very thick 
layers of insulation undesirable. On the other hand, however, the high tensions (up 
to 50 kV) used require insulation of considerable electrical strength. Thus, a reaso- 
nable compromise must be made. 

Another requirement with regard to the insulation is its mechanical strength. 
Great electrodynamical forces acting on the wire result in enormous pressures. The 
greatest difficulty of the entire experiment is the problem of making a sufficiently 
strong coil (see also Kapitza 1927). 

The electrodynamical force dF (in kiloponds) is given by the equation 


dF = 1.02 x 10-7 H i dl (1) 
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Assuming that the force acts on the surface 2r dl, r denoting the radius of the coil wire 
in centimetres, the pressure is 


SIE 7 
if 


(2) 
On the other hand, the following equation may be written for the oscillating circuit: 
Imax = = Hoa (3) 


Û is of the order of 1074 for coils producing a field in several cem. Thus, eq. (2) tran- 
forms to 


PL. gue | 
aa NSE O Hore 
max 7 VL max (4) 
The reasonable way of reducing the pressure may be deduced from this equation; 
it is necessary to augment the value of the product ۴۲۷ as much as possible. As the 
maximum pressure acts on the first internal layer causing damages there, the first 


- Fig. 2. The clamped coil Fig. 3. Time dependence of voltage induced in the search coil 


layer may be wound with somewhat thicker wire. This method has been used by the 
authors and has yielded good results. سس‎ 

The coils were wound with 100—200 turns of copper wire about 0.7—1.0 mm 
in diameter and insulated with celluloid sheets. The coils were pressed from the outside 


with a special clamp (Fig. 2). 


3. Method of Measuring the Field Intensity 


The measurement of the field intensity was based on recording the voltage induced 
in a search coil by using the cathode ray oscillograph. If a condenser battery of capacity 
_C charged to a voltage U is connected to a coil of inductance L at the time t = 0, 
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the instantaneous current and the magnetic field intensity are given by the equations: 


7 


MEA 7820۰ 
1 = lgo exp nen sin wt, 


RM و‎ | 
i =; ری‎ aL | sin wt. (5). 
As the magnetic flux in the search coil is ید‎ H (s, denoting the effective area of the 
search coil in cm?), the voltage induced is given by 

R ) cos (wt + 2 ] (6 


E= 10% sy Hy @ exp ee um 


; AES 9 is defined by 
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: Denoting by E, the value of E for t = — = (see figure 3) eq. (6) yields 


2p‏ — پر 
I i =‏ 
Inserting 4 52‏ 


au eqs. o. and Lr we obtain P Ha بن ےڈ‎ 
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where 


au T Ge tt کو‎ 
F (k) = Tema an| — E + 2r p| sin E — ) : (12a) 
The function F(k) calculated from (10) and (12a) is plotted in figure 4. 


The diagram of E = E(t) obtained with the search coil connected to the cathode 
ray oscillograph was used to determine Bı, B, and œw numerically. The block diagram 
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`` Fig. 5. Block diagram of the apparatus 


of the apparatus constructed by the authors is shown in Fig. 5. The trigger sweep 
generator and the eleetron beem in the cathode ray tube was synchronized to the appea- 
rence of the magnetic field in the coil. The screen of the cathode ray tube was photogra- 
phed and the graphs obtained were measured on a comparator. 

Search coils, consisting of 2—5 turns of copper or silver wire, were wound on 
polished Plexiglas carcass about 0.4 cm in diameter. The effective area Sez of the search 
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coil was calculated from direct measurements by using a comparator. Assuming 


$,,7—5, + as, where S, denotes the area enclosed by the wire (Fig. 6) and S is the area 


1 
of the section of wire, the maximum error for s,; does not exceed + 29» The most 


convenient way of reducing this error as much as possible is to wind the search coil 


Fig. 6. Cross section of the search coil Fig. 7. Oscillogramm of the voltage induced in the search coil 
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Fig. 8. The function Hi, = f/(U) 
a — for the coil 0.6 cm in diameter wound with 154 turns 
b — for the coil 0.8 cm in diameter wound with 241 turns 


with a very thin wire. In the authors apparatus the search coils were wound with wire - 
0.003 to 0.001 cm in diameter. 


This method of measuring the field intensity is very convenient, the error in 
determining H,,, not exceeding 1 per cent. 
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4. Results 


With the apparatus described above, the magnetic field intensities were measured 
for about thirty different coils. The voltages applied ranged from 4.0 to 48.0 kV. The 
maximum field intensity obtained to date within a coil of 0.6 cm internal diameter 
amounted to 350000 oersteds; the duration of the half-cycle of the magnetic field was 
about 50 u sec. An oscillogram obtained with a coil 0.6 cm in internal diameter and 
wound with 154 turns of copper wire is shown in figure 7. In this case the condenser 


Licem] 


Fig. 9. Linear topography of the field in a coil 0.8 cm internal diameter wound with 241 turns; the 
length of the internal layer 33 mm and of the external layer — 61 mm 


battery was charged to 43.5 kV and the field within the coil amounted to 327000 oer- 
steds. The time scale on the graph was made by means of a special time marker. Figure 8 
shows how H,,,, will vary with U for two different coils. The topography along the 
axis of the magnetic field intensity for the coil 0.8 cm in internal diameter is shown 
in Figure 9. 

Independently of the above method, magnetic field intensities were measured 
employing the magnetooptic Faraday effect in H,O, CCl, and CS,. Both methods yield 
identical results within the limits of experimental error. Details on work regarding 
the Faraday effect in strong magnetic fields will soon be published separately. 
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Pa6ora cofep»KHT onHcaHHe MeTOJIa II03BOJDHIOIHeTO IIOJIyUHTb CHJIBHBIe MaTCHHTHPBIE IIOJDI 
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ON THE PHYSICAL SIGNIFICANCE OF THE RIEMANN TENSOR 


By F. A. E. PIRANI 
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Some of the difficulties of interpretation of general relativity theory can be avoided 
by emploing the tetrad formalism. The timelike vector of any tetrad is identified physic- 
ally with the velocity vector of an observer, the spacelike vectors with the directions of 
local Cartesian coordinate axes used by him. It is found that the Newtonian concept of 
nonrotation is represented most closely if the spacelike vectors undergo Fermi propagation 
along the observer's world-line. 

The behaviour of free particles is investigated by referring to tetrads the equation 
of geodesic deviation, which provides an immediate physical interpretation for the Riemann 
tensor. À simple model of a gyroscope is constructed by modifying Papapetrou's equations 
of a spinning test particle. The behaviour of this model supports the interpretation of 
Fermi propagation. 

The interpretation is developed by investigating the discontinuity in the Riemann 
tensor across the boundary of a world-tube of matter, using Lichnerowicz's conditions. 


1. Introduction 


A difficulty in general relativity theory is the lack of what might be called a theory 
of measurement. One learns that all coordinate systems are equivalent to one another, 
but one does not learn systematically how to choose the appropriate coordinate system 
in which to calculate this or that quantity to be compared with observation. Coordinate 
systems are usually chosen for mathematical convenience, not for physical appropriate- 
ness. This would not matter if calculations were always carried out in a manner 
independent of the coordinate system, but this is not the case. The result is fruitless 
controversy, like that over the harmonic coordinate condition. 

This difficulty is not just an accidental one. It is an inherent difficulty of general 
relativity theory, which arises because the general theory reduces to the special theory 
in the neighbourhood of any event in space-time, and it happens that this locally Min- 
kowskian property of the general theory can be expressed in terms of a particular 
class of coordinate systems. This suggests the idea that there might be some class 


1 Present HESS King's College, University of London, London, W.C.2. England. 
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of coordinate systems in the general theory which is a satisfactory generalization of 
the class of Minkowskian systems, not just in an infinitesimal neighbourhood but 
in an extended region of space-time. It seems to the present writer that this idea must 
be received with caution, because it ignores the role of the observer, in the sense that 
it need not relate the choice of a particular coordinate system to the results of measure- 
ments made using that coordinate system. 

The danger arises from the special theory, where there is a preferred class of 
coordinate systems, namely that class for which the metric tensor takes the Minkow- 


skian form? 


ds? = dt? — dx? — dy? — dz? = n,, dx" dx’ 


There is consequently a preferred class of hypothetical observers, namely those 
who are at rest (i. e. have world-lines x” = constant) in one of the preferred coordinate 
systems. 

Consider the observers who are at rest in any one particular Minkowskian system. 
Each of them will make measurements by referring the positions of neighbouring 
particles, the directions of incoming null rays, and so forth, to a set of local coordinates 
which he carries along his world line. To fix ideas, it is simplest to suppose that each 
employs local Cartesian coordinates. Then at each event on the world-line of one of 
the observers, his coordinate system may be represented by three spacelike unit 
vectors, orthogonal to one another and to his 4-velocity vector, which point along 
the coordinate axes at that event. The peculiar thing about Minkowskian space-time 
is that it is possible for all the sets of unit vectors to be oriented in the same way, 
along the whole of each world-line, and also on the world-lines of different observers. 
The coordinates used by each observer for measurements in his neighbourhood can 
differ merely by a translation from those of the Minkowskian system at large. It 
is as if the measuring rods used by different observers fitted together neatly to form 
the “mollusc of reference“. 

However, when one goes over into general relativity, with a general Riemannian 
space-time, there is no longer any obviously preferred coordinate system? and so no 
preferred class of observers can be defined in the way used above. The timelines x” 
— constant (assuming that the coordinate system is such that these lines are timelike) 
will in any chosen coordinate system define a family of observers, but if one of these 
observers uses the three spacelike coordinate directions to define his local coordinate 
axes, then these axes will in general not be orthogonal to one another or to the observ- 
er’s world-line, and the angles between them will vary from event to event. 


2 c = l here and throughout. The range and summation conventions are assumed for Greek indices 
over 0, 1, 2, 3 and for Latin indices over 1, 2, 3. 
* Cosmological space-times and other space-times admitting groups of motions may have preferred 


coordinate systems defined by their special symmetry properties, but the present argument is about 
general space-times which cannot be assumed to have such symmetries. 
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This is why it is a mistake to refer measurements, made by a hypothetical observer, 
to a local coordinate system which is part of the coordinate system at large. 
Because of irregularities in the coordinate system at large, such a description 
cannot bear any convenient or consistent relation to the actual measurements 
made by real observers. It is more convenient and natural to assume that each ob- 
server uses at each event local Cartesian coordinate axes, defined by three spacelike 
unit vectors orthogonal to each other and to his 4-velocity. The results of possible 
measurements, referred to these Cartesian axes by an observer with this 4-velocity, 
should be compared with the physical components of the corresponding tensor, got 
by contracting that tensor with the 4-velocity vector and the three spacelike vectors. 
These four unit vectors form an orthonormal tetrad (Vierbein, tetrapod, quadruped, 
4-nuple) at each event of the world.line. 

Having divorced the space axes from the coordinate system, one may as well 
complete the process by distinguishing the observers’ world-lines from the time- 
lines. Then the observers and the space axes they use are characterized completely 
by tetrads of vectors given at every point of space-time. In general it is not possible 
to find a coordinate system at large which incorporates the local coordinates used by 
different observers, because the latter, defined by the tetrads, will not in general be 
holonomic. It is the dichotomy between congruences of curves, to which the tet- 
rad vectors are tangent, and families of coordinate surfaces, which, geometrically 
speaking, lies at the root of the difficulties about measurements in general relativity 
theory. To avoid these difficulties one may develop parts of the theory in terms of 
tetrads. One then has the advantage of being able, at every stage in a calculation, to 
identify results of the calculation with measurements made by a specific observer or 
observers using specified coordinates. 

Of course it is not necessary that the observers should be attached to material 
particles or anything of that kind. They are introduced only for the easier visualization 
of ideas of measurement, and only kinematical, not dynamical, properties need 
be ascribed to them‘. 


2. Tetrad Analysis. Deviation Equations 


The tetrad formalism has been used before in general relativity, in unified theories 
based on distant parallelism (cf. Levi-Civita 1929), in the theory of the Dirac electron 
(Fock 1929), and in cosmological theory (McCrea and Mikhail 1956). Ideas similar 
to those developed here have been put forward by Band (1942) in discussing Rosen’s 
flat space-time theory. The present formalism is modified from Eisenhart's (1949). 

In both Greek and Latin suffix alphabets, only letters from the second half 
(u, v, ...; m, n,...) are used for tensor and affinity indices. Letters from the first 


x x 
4 The idea of “measurement“ is just the interaction of two physical systems. The physical compon- 
ents of tensors are objectively characteristic of phenomena and no subjective attributes need be attached 


to the observers. 
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half (a, :...,م‎ a, b,...) are used for labels for tetrad quantities. Thus the tetrad vectors 
are written ,”; here u is the vector index and a the label. This notation makes it 
unnecessary to put tetrad labels in parenthesis — thus: Åra — as is sometimes done, 
but introduces ambiguity when indices are given particular values. Since this happens 
much more often for labels than for coordinate indices, it simplifies the appearance of 
formulae very much if one uses the convention: An index having a particular numer- 
ical value is to be read asa coordinate index only if a dash is attached to it, and 
as a tetrad label otherwise. Thus A,? means A," with a = l, u = 2. 

It is convenient to assume that the tetrad is so labelled that Aj", abbreviated A", 
is timelike and the three A,“ spacelike. The possibility that one or more tetrad vectors 
might be null is specifically excluded, because of the physical interpretation. The 
coordinate system is assumed to satisfy the continuity conditions of Lichnerowicz 


(1955, Chapter I). Writing the Minkowski eta 
nag = 1j? = diag (1, — 1, — 1, — 1) 


the orthogonality relations for the tetrad vectors take the form 


AS Euv 7 = 4. 7 ae Nap (2.1a) 
where as usual 
7 = By A. (2.1b) 
If now 
A nê Now (2.1c) 


(su that 20 ‫َ while 49^ = — AT) 
then (2.1a) implies 

A^, Ag’ = Og. (2.1d) 
Further, it follows from (2.1) that det گ۸‎ 0, so that by considering the corre- 
sponding matrices or by constructing /1^, such that 


ALI EU (2.2a) 
and multiplying both sides by ۸۸, one finds that 
Ap A, 95, (2.2b) 
and it follows from (2.1b) and (2.1c) that 
Jay 4^, = Aes Nga Ap = Ew (2.2c) 
and 
A ۸۳ = gt” (2.2d) 


and so forth. Thus 7,5 takes the place of an indicator. If now A w is any tensor, one 
may write four vectors Aa = A, A,, and sixteen scalars 


Aag = Ad Ag AL (2.3) 
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These last are the physical components of A y, for the observer with velocity A“, using 
local Cartesian coordinates defined by the ۸ 

It follows trivially from (2.1a) that the physical components of the metric tensor 
are everywhere, for all observers and all reference frames, the Minkowski eta. The 
physical meaning of this is that one can get no information from a knowledge of the 
metric tensor at a single event. 

The non-Minkowskian character of space-time, embodied in the change in orien- 
tation of the quadrupeds from event to event, is conveniently described by the covariant 
' derivatives of the tetrad vectors, which in effect take the places of the Christoffel 
symbols. The physical components of these derivatives are just the Ricci rotation 
coefficients? 


chy; — Sa) Bay — Ae Ag 27 )2.4( 
There are 24 independent y's. One may eliminate the Christoffel symbols hidden in 
(2.4), obtaining 


1 
apy € 9 As ۸, AAT oT ک7‎ )2.5( 
where 
Dres exo 407, ZION EOS Em, OO OO 
In what vem the derivative of any tensor 4“, along the curve to which 
Aj" is tangent will be written 
6 AL, 6 At, 
ng xb PO سے‎ LUIS t (ES YEN Ne i 
is At, a aa m (2.6 


The physical interpretation of the y’s is seen most directly by writing the equa- 


tions of a geodesic in terms of them: if v“ = is the -unit tangent vector to 


-a geodesic, then 


aye, -‏ ےم 
where v* = 4^, v“ are the physical components of v", which is to be interpreted as‏ 
the 4-velocity of a spherically symmetric test particle’. The proper-time derivatives‏ 
of the 4-velocity do not vanish, but are given by (2.7). The deviations of the tetrads‏ 
from the Minkowskian arrangement are represented by the y’s. Part of the deviation‏ 
is of course unavoidable, but part may arise from a peculiar choice of observers and‏ 
of reference frames used by them. In the case of a single observer, at least, the peculiar-‏ 


3 7 7 
5 A semi-colon denotes covariant differentiation, a comma partial differentiation. 
6 Test particles are particles so small that, as in found by experience, they do not appreciably interact 
with one another. In general, only spherically symmetric test particles move on geodesics (see § 4 Below): 
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ities can be identified and eliminated, the tetrads providing a ready physical inter-. 
pretation. In the above example, y^5, v? v' is the effective gravitational 4-force. 
In the local Minkowskian frame (i.e. for that class of observers) in which the particle 
is instantaneously at rest, the effective gravitational 3-force is ہوک‎ 

It is necessary to develop more fully the connection between the tetrads and the 
measurements made by an individual observer, by investigating the description which 
an observer would give the motion of particles or of other observers in his neigh- 
bourhood. It is assumed that an observer can, by the use of light signals or 
otherwise, determine the coordinates of a neighbouring particle in his local Car- 
tesian coordinate system. These coordinates are defined in the following way: 
Consider two world-lines C and C' in space-time. Let F be a geodesic cutting C and C' 
at the events P and P’, and drawn orthogonal to C. Let p" be the unit tangent 
vector to F at P, directed towards P’. Then the displacement vector from P to P’ is 
defined to be 

"'—mup 

where 7 is the length of the interval PP’. In a sufficiently small neighbourhood of P 
the displacement vector to any other given curve will be unique, and the whole set 
of displacement vectors from P defines Riemannian coordinates in the instantaneous 


3-space orthogonal to C at P (cf. Synge and Schild 1949, p. 60). Moreover, in the neigh- 
bourhood of P, 


y^ = ہو‎ — a 


where x" and x“ are the coordinates of P and P’ respectively, and O(n?) is neglected 
(as it will be in what follows). The physical components 


X* = 1 (2.8) 


are to be identified with the Cartesian coordinates of P’ as measured at P by an obser- 
ver with 4-velocity 4" and local Cartesian coordinate system defined by A," Now 
let C and C' be two world-lines out of a whole congurence defined by a vector field 
A". Then it is not difficult to show that 

0ھ 

Wie ALME »[Ó v) m (2.9) . 
where 7 is proper time along C. If this deviation equation is multiplied by A“, and 
written in terms of physical components, it becomes 


Ab C 
y. EE qu) Por NA (2.10) 
where X, = ,, X° = — XP. This is a set of simultaneous first order ordinary diffe- 


rential equations for the rectangular Cartesian coordinates of an observer (or a particle) 
with world-line C’ referred to axes in the instantaneous space of the observer with 
world-line C. The axes point in the directions of the 4#; the first term yv on the 
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right hand side of (2.10) describes the way in which these directions are propagated 
along C. The second term y 9” describes the relative motion of the observers with 
world-lines C and C'; it is just the set of physical components of the derivatives of 
AS: 

Now the manner of propagation of the axes is at the disposal of the observer; 
there is no prescribed way of relating to one another the directions of the space axes 
at different events on his world-line. In the Newtonian theory these axes would have 
directions fixed in absolute space, which is to say that they would be non-rotating 
relative to a Galilean inertial system. In general relativity there is no appeal 
to absolute space, but the appropriate generalization of Newtonian fixed directions 
may be found by investigating the dynamics of particles according to equation (2.10). 

For a given world-line, the y's in (2.10) are functions only of t. Therefore the 
skew part of the coefficient of X, represents a rigid rotation about the observer in que- 
stion, while the netê part represents a pure strain. 

The term y^^ is wholly skew, and since it is at the disposal of the aer one is 
inclined to require it to vanish, because it represents a rotatión engendered entirely 
by the choice of axes. The condition for vanishing is that A,” be propagated along the 
world-line C according to 


(64 — A" A,) ۵۸7۵۰ = 0. (2.11) 


This mode of propagation is called Fermi propagation by Walker (1935), who reaches 
a similar interpretation of it by different methods. The second term on the right hand 
side of (2.10), which depends on the motion of the neighbouring observers or particles, 
has a skew part which vanishes if the congruence of world-lines is normal. 

The connection with Newtonian mechanics may be developed by differentiating 
(2.9) with respect to t to obtain a second order deviation equation. This will be used 
in what follows only in the case that C and C' are geodesics, so that the equation be- 
comes just the equation of geodesic deviation (Synge and Schild 1949, p. 93) 

۵2 


x TER E AE (2.12) 


Here 
RE S 4c ge sd ae 


voc ¥Q,0 O50 


AS EI 

is the Riemann curvature tensor. Now when C is a geodesic, Fermi propagation by 

(2.11) reduces to parallel propagation 
0A, 
ÔT 

Referring (2.12) to axes defined along C by (2.13), one finds the equations 


=0, | (2.13) 


ue A KA 0) (2.14) 
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where 


K”, = Ky) = Rao (2.15) 


In another context, Synge (1935) has shown how these equations may be written in 
Hamiltonian form. If 


1 
H= p (PAPERE ETKEN XU (2.16) 
then 
dX^ ƏH dP oH 
tag E Mec cre NR Goes ACSC ا‎ 4 2317 
dX OP, dr OX ( ) 


and it follows from the ordinary Hamiltonian theory that the circulation 060, 
around a closed circuit among the geodesics near C is an integral invariant. 


This has an immediate physical interpretation. If C is the geodesic world-line 
of a freely falling observer and at some event he throws out a cloud of spherically 
symmetric test particles, then $ P, d. X^ = 0 for this cloud, and so its motion is irrota- 
tional. 


The essential point about equation (2.14) is that by observing a number of particles 
in the cloud, the observer can determine the full Riemann tensor in the neighbourhood 
of his world-line. 


In Newtonian language, one would say that (2.14) give the relative acceleration 
of two particles in a gravitational field. It is instructive to compare them with the 
corresponding Newtonian equations. Consider a particle of unit mass in the field 
of a Newtonian potential V. Its acceleration is 


oy 
RE 


The acceleration of a neighbouring particle in the inertial frame in which the first 
particle is at rest is 
| ieee OV OVV 

dx = کروج‎ Oxi 


_ where X! are the coordinates of the second particle relative to the first one. The 
relative acceleration is therefore . 


di X: 3; 9? py 
d t? ERES QU (7078 ai Oxi 
which may be written 
d? Xi 


B x + Ki Xi =0 i (2.18) 
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where 


(2.19) 


Now equation (2.18) has exactly the same physical meaning as (2.14). Moreover on 
account of (2.19), Poisson's equation may be written in the form 


Ki, = Anko. (2.20) 
But the coefficient K^, in (2.14) is defined by (2.15), so that 
Ke, = R“oao = Roa = — Roo» | (2.21) 


that is, just minus the 00 physical component of the Ricci tensor. Comparing (2.20) 
and (2.21) would suggest that one write 


as a first attempt at generalizing Poisson’s equation to general relativity theory. By 
considering the R$, found by several observers with different velocities one at once 
obtains the equations R,, = 0 and hence R, for empty space-time, but to get the 
complete Einstein's equations 


1 
C, = Te ۱ (2.22) 


n 


still requires an appeal to conservation considerations. 


3. Motion of Particles-in Schwarzschild Space-Time 


As an example, the equations of Fermi propagation will be solved for a “circular“ 
path in Schwarzschild space-time. Consider the Schwarzschild space-time with metric 
in the form 

ds? = ydt? — (y^! dr? + r?(d6? + sin? 0 d?)), (3.1) 
where? 
Jam 1 oe 2m ri 
The curve 


C r=a, D=o 0— 5 (a, w consts). (3.2) 


is “circular“ and “described at a uniform rate“ in invariant senses independent of the 
choice of coordinate system (for example, if the metric is continued into the Schwarz- 
schild interior to the origin world-line r = 0, then all points of C are at the same 
light-signal distance from the origin world-line). 


? [n this section the gravitational constant K is set equal to unity by suitable choice of units, 
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The equations of Fermi propagation along C are linear, with constant coeffi- 
cients. It is instructive to consider first a single vector œ“. One finds, for example? 
zs METUO (3.3) 
where n= f-lyu?, f? = y(a)— a?o? and pw? = y(a)—mat=1—3ma. 
The other components of a" satisfy the same equation, except for x’, which is constant. 

There are three cases of interest: 

I). C represents a circular orbit in flat. space-time: m = 0. Then u = 1 and 
nw~lt ga? w?. : 

II) C represents an orbit revolving arbitrarily slowly about the central body: 
و‎ —0 after the calculation. Then f = y* and n ~1 —2 ma. 

III) C is geodesic: m a7! = a?o?. Then f = u, and n -1—€ma^. 

Thus in each case the values of the components of x" will change secularly with 
successive revolutions about the central body in the orbit represented by C. A vector 
propagated along C through an angle Ø = 2z (as seen from the origin world-line) 
will not return to its original direction. This change in direction may be given an in- 
variant significance by considering two particles constrained to move so that a" is 
the direction of the displacement vector from one to the other. Then the relative 
positions of the particles, as seen from the origin world-line, will change secularly. 
Two effects may be distinguished, for the three cases enumerated above: 

I). The change in direction is essentially the Thomas precession, a special 

relativity effect. 
II). The change in direction results from the “inertial drag“ of the central body. 
It is a purely general relativity effect, because of the limiting slow motion. 

III). The change in direction is a combination of the previous two effects. 

This combined effect is the geodesic precession or de Sitter-Fokker effect (de 
Sitter 1916; Fokker 1920). This is essentially a gravitational couple (*Gravomagnetic 
effect"; Sciama 1953) exerted by the central body which causes a secular rotation in 
the local inertial frame for a body moving around it. This should not be confused 
with the rotation of the local inertial frame near an extended body resulting from the 
axial rotation of the body (Thirring and Lense 1919). 

Now consider a tetrad of unit vectors A“ under parallel propagation along a geo- 
desic C (case III above). If initially (D = 0) 14 and A point in ther and 0 coordinate 
directions, respectively, then at a general point of C, the tetrad components are 


u> 0 1 27 9: 

ou )‏ ,0, 0, ۷ ۳ھ 
aM: (— m (y a? œ u) sin u O, y* cos u , 0, — y^ (a u)™ sin uD)‏ 
Ame 0 0 HE anie 0 )‏ 


A9 :(—m (ya? c uj cos مر‎ O, y^ sin u D, 0, — y ^(au)-cosu d) (3.4) 
8 The coordinates are numbered 0’; 1’, 2’, 3’ in the order t, r, 0, ®. 


Physical Significance of the Riemann Tensor 399 


The equation of geodesic deviation (2.14) can now be used to investigate the behaviour 
of two neighbouring free particles, referred to this tetrad. The following physical 
components of the Riemann tensor, referred to the tetrad, are needed: 


l +3ycos2uð 0 3ysin2u@ 
mau? 0 —2 0 (3.5) 
3ysn2uQo 0 1—3ycos2u@ 


In (3.4) and (3.5), u Ø = و‎ v where t is proper time on C. The relative motion in the 
2-direction, given by (2.14), which is in Newtonian language orthogonal both to the 
velocity of the particles and to the direction of the gravitational field, is not coupled 
to the motion in the other directions, and may be left out of consideration. The motion 
in the 13-plane given by (2.14) and (3.5) may be written compactly in terms of 
a complex varíable U: 


U= X! + iX’, Ū= X!—i X. 
In terms of U and Ü, (2.14) and (3.5) yield 


d^ DE ; 
پر‎ => (U+ By Dering), (3.6) 


This may be integrated by elementary methods after a substitution U = Ve" ®. The 
corresponding Newtonian equation is easily found from (2.18); it is - 
d^ Lu 
dd? 2 


the only difference being that y = 1 — 2m a^! and u = (1 — 3 m a^!)** are replaced 
by unity. It must be remembered that (3.7). describes a motion relative to axes which 
are not rotating in a Newtonian inertial frame, while (3.6) describes a motion relative 
to axes defined by the parallelly propagated tetrad (3.4). 

To understand these results on must first understand the physical significance 
of the Schwarzschild space-time. One must recognise that the Minkowskian boundary 
conditions represent an approximately isotropic distribution of matter, on average 
at rest or in uniform radial motion, at a great distance from the central body. It is 
not sensible to interpret this space-time as if the central body were in an otherwise 
completely empty universe, and if any justification is needed for this remark, it is 
that predictions based on the Schwarzschild model agree with observations of planets 
-in the solar field, there being in fact a great deal of matter in the universe apart from ' 
the Sun. t dot 

With this interpretation, the time-lines of the Schwarzschild metric (3.1) may 
be regarded as the world-lines of observers at rest relative to distant matter. An in- 
variant significance may be given to the coordinate directions by consideration of 
observations of distant, “fixed“ stars, that is, by integration of the equations of null 
geodesics. Two directions may be said to be the same when the corresponding null 
geodesics intersect asymptotically the same infinitely distant time-line. Now it follows 


(U+3 U esie), | (3.7) 
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from symmetry that Fermi propagation along any time-line preserves the coordinate 
directions; therefore an observer with. a time-line for world-line is in the exceptional 
position that he does see the distant “fixed“ stars in fixed directions relative to a local 
inertial frame defined by dynamical experiments. This is a consequence of the static 
character of the space-time: the time-lines are paths of a motion of space-time into 
itself. It is clear from the example that if one could find a space-time representing 
a solution of the n-body problem, there would be no observers with this property, 
and deviations from it would be large for an observer near one of the moving bodies. 

To sum up: the calculation of n in equation (3.3) shows that a vector undergoing 
parallel propagation along a circular geodesic in a Schwarzschild space-time changes 
direction secularly, relative to the central body, and relative to observers interpreted 
as being at rest with respect to distant matter. The change in direction may be inter- 
preted as the combined effect.of the Thomas precession and the inertial drag of the 
central body. If the motion of spherically symmetric test particles is referred to paral- 
lely propagated axes, then the equations obtained are of the same form as in the 
Newtonian theory, the numerical constants appearing in them differing from the 
Newtonian values by small amounts. 

It follows that in general, the local inertial frame determined by local dynamical 
experiments, is not exactly fixed relative to the *distant* stars. 


4. A Simple Model Gyroscope 


It is not difficult to construct a model Foucault pendulum in order to elaborate 
the results of the preceding sections, but it does not add much to the discussion of 
. free particles already given. However, there is an almost ready-made model gyroscope, 


which is more interesting. This is the spinning test particle of Papapetrou (1951). 


By making certain assumptions about the form of the energy-momentum tensor in 
a small world-tube, Papapetrou derived, in the limit that the tube becomes a line, 
the equations 


8 ô J 

7 (mo K oe Sr) tog Rho v Se = 0, (41) 
8 ô 8 : 
Fe Oe Be Vet QUE Su 01 (4.2) 


for a particle described by an ordinary 4-momentum vector m" together with a skew 
tensor S“ which is in effect the internal angular momentum tensor of the particle. 
In (4.1) and (4.2), t is proper time along the particle world-line. The derivation is 
not obviously covariant but could presumably be made so. Papapetrou (with 
Corinaldesi, 1951) had some difficulty in going further, because (3.1) and (3.2) are 
three equations too few to determine v^ and S" from given initial conditions. They 
adopted the additional conditions 


S*B 20 
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for the special case of Schwarzschild space-time; here f), is the tangent vector field 
to the time-lines of the metric (3.1). It would seem more satisfactory to employ in- 
stead the condition 


S” y, = 0, (4.3) 


rejected by Corinaldesi and Papapetrou for reasons which they do not make clear, 
which is a straightforward generalization from the corresponding equation in special 
relativity theory (cf. Synge 1955, p. 221, Moller 1949). The physical meaning of (4.3), 
which is essentially an assumption about the nature of the internal forces in the particle 
is that angular momentum is conserved (see equations (4.11) and (4.12) below), 
Introducing (4.3) into (4.1) and (4.2), one may reduce these equations to 


ee (m y^ — Sue Mer en + ہے‎ 9 Rives و‎ D (4.4) 
Ó pt vi v ô Vo 
32s = (w" Sve — v Sre) m (4.5) 
so that 
ô S" à v, 
M 4.6 
dt bt =} ee 
Hence (4.4) becomes 
as (m v") — oe > دا تچ کے‎ € = 0. (4.7) 
2 
Contracting this with v, leaves only 
dm 
AME SÉ 4.8 
اہ‎ )4.8( 
so that the mass is a constant of the motion. Equation (4.7) becomes 
SE ses 0 tor Se = 0. (4.9) 
OT 
Now introduce the angular momentum 4-vector 
HA z nte, Soa 5, i (4.10) 


where ® is the alternating tensor. The physical components of H” (which is ortho- 
gonal to v") for an observer moving with the particle are just the components of the 
angular momentum 3-vector. If H" is introduced into (4.5), the latter becomes 


ô H” 
(3, — v v) 3, —0 (4.11) 
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so that the angular momentum 4-vector is Fermi-propagated along the world-line of 
the particle. Multiplying (4.11) by H,, one sees that the angular momentum invariant 
is constant. 

Thus a spinning test particle will have a fixed angular momentum (and so, for 
a correctly started particle, a fixed axis of spin) relative to F ermi-propagated axes. 
This supports the earlier interpretation of Fermi propagation. 


5. Discontinuities in the Riemann Tensor 


The interpretation can be developed further by investigating the discontinuity 
in the Riemann tensor across the surface of a world-tube of matter. As a basis for 
such an investigation there is available the mathematical theory developed by Lichne- 
rowicz (1955), which is based on hypotheses about the continuity of the metric tensor 
and its derivatives. These hypotheses are designed to ensure that the initial value 
problem posed by Einstein’s field equations (2.22) is correctly set. They are equivalent 
to assumptions arrived at by O'Brien and Synge (1952) by consideration of the energy- 
momentum tensor in a boundary layer which is shrunk to zero thickness. Here first 
of all the continuity conditions for the Riemann tensor will be written in an invariant 
form, starting from Lichnerowicz's hypotheses. 

Lichnerowicz assumes that there exists a coordinate system in MUN the metric 
tensor g,,and its first derivatives g,, o are continuous and the g,, , have piecewise 
continuous first and second derivatives. 

The theory is developed by taking a coordinate system such that, say, the surface 
S : xl = 0 is a surface of discontinuity (physically, a surface across which density 
and stress may be discontinuous). In what follows, S is assumed to be timelike. Then 
according to the hypotheses, this coordinate system can be chosen so that all the B isis 
are continuous across S with the possible exception of g,,,,. The covariant compo- 
nents of the Riemann tensor are 


Ro, = 10% Olu — lopo], + TS, lov, 7] — T'o lou. 7] (5.1) 
(where [cv, o] and IF, are Christoffel symbols of the first and second kinds). By 
expanding the first two terms of this, one sees at once that the only components of 
Ryo Which may be discontinuous are those with just two indices 1' (but not the first 
two together, or the last two together, because of the skew-symmetry in these pairs 
of indices). This is the same as a result of O'Brien and Synge (equation 5.12 of their 
paper). 

This result may be put info. covariant form by referring R,,,,, to a local Cartesian 
coordinate system. At any point P of S, only x} is so far 2 By a linear trans- 
formation of the? x” which leaves x!’ unaltered, one may introduce at P a local Cartesian 
coordinate system in which g,, = Nyy 
cm wm Ur E PIC MM NL We MEM. uu euet. ےو‎ 7 

i 9 Tn this section, the range and summation conventions for Latin indices will be over 0, 2, 3 instead 
of 1, 2, 3. 
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Then at P, the unit normal to S has components n^ = ô”, , while any vector t“ 
tangent to S has t1 = 0. The continuity conditions on R eu» may be expressed as 
follows: 

A) On S, Roop n^ n” may be discontinuous, but Rsu» to t," ts” must be continuous 
where n? is the normal to S and t," are any three vectors tangent to S. 

Alternatively, let ۸۴ be a tetrad at P, with A," = n? and the other vectors: of the 
tetrad chosen arbitrarily. Then 

B) Only the physical components R,,,, may be discontinuous across S. 

Now consider an isolated world-tube of matter with S as boundary. Choose A, 
so that A," is the normal n° everywhere on S. Let A. denote the difference, at any point 
of S, between the interior and exterior boundary values of any tensor (labelled, and, 
respectively). Thus 


AR oon» = ES Repay: (5.2) 
The physical components of R,,, must therefore satisfy 
ART p 0, AR aa = 0, AR ay E ہے‎ (5.3) 


say, where ہوم‎ = Z,, is a set of scalars defined on S, and Z,, = 0. Then for the physical 
components of the Ricci tensor, 


AR,, = A(n® Ra) = Zs. (5.4) 
and similarly 

ARa = 0, ARy = — 1" Zus AR = 24" ےت‎ " (65) 

Hence for the Einstein tensor 
A Gy, z Zic — 7 g Lad? 4 Ca = 0. (5.6) 
Introducing this into Einstein's field equations (2.22), and taking account of Tg,» = 0, 

_ one finds 
AR p ee ( [ens r) (5.7) 
I 


Equations (5.6) and (5.7) include the condition 
Tia = 0 (5.8) 


found by Synge and O'Brien and by Lichnerowicz. 

Equation (5.7) finds a ready interpretation in terms of the equation of geodesic 
deviation (2.18). Consider three neighbouring freely falling spherically symmetric 
particles Pg, Ps, P, outside, on, and inside S respectively, and lying in a line normal 
to S. Taking the normal direction again to be the 1-direction of tetrad at Ps which is 
parallelly propagated along the world-line of Ps, and writing ,۹ر۸‎ Xg (a = 1,:2,.3) 
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for the physical components of the displacement vectors from Pj to P, and from Ps 
to Pg respectively, one obtains from (2.18) 


d? 1 
iua Xn Kn Xi = 0, 
d? 
dà Xp! = Ke", Xf = 0, | (5.9) 


where Kj, = Rjlgo, Kg", = Reo so that if P, and Pg are at equal distances X 
from Ps, the difference between the relative accelerations is 


a(x] +08 001 km x (Tag r) X. (5.10) 
airs OVE 

Now at the surface of a world-tube of matter the normal pressure vanishes, by (5.8), 
and the timelike vector of the tetrad may be chosen to be the 4-velocity of the surface 
matter, so that Ty = ey, the surface density, and T, = رم‎ + pra + pra: where 
—p;s and —p;; are the principal tangential stresses at the surface. Hence 


d? 1 7 
E E 07 
= 4r k {0r — pra — pra) X., (5.11) 


where k = (82) !x is the Newtonian constant of gravitation. The corresponding 
Newtonian result is evidently, from § 2, that the second normal derivative 9?7/9n? 
has a discontinuity 4 ko at the surface of a gravitating body. The appearance of 
the stresses in (5.11) confirms the interpretation (Whittaker 1935, Synge 1937) that 
the sum of the density and principal stresses, and not the density alone, is the effective 
density of gravitational mass. 


8. Conclusion 


The intention of this paper has been to exhibit the intimate connection between 
the Riemann tensor and generally relativistic dynamics, and also the value of the 
tetrad technique in deducing invariant results. I hope to show elsewhere the appli- 
cation of these ideas to the theory of gravitational waves. 

I am grateful to Professor J. L. Synge for many helpful discussions, to the Dublin 
Institute for Advanced Studies for its hospitality, and to the Royal Society of Canada 
for a Rutherford Memorial Fellowship during the tenure of which much of this- work 
was carried out. | 


KPATKOE COJIEPPKAHHE 


@. A. IInpauu, O dusuueckoM auaueuuu menzsopa Pumanna 


Mo»xuo mna6exarb HEKOTOPbIX sarpyutHeHHii IDM ToJikoBauHHH oOmeit Teopuu OTHOCHTeJIb- 
HOCTH, yrorpeOjrrx dopMa:mmusM Terpa;gioB. Bekrop BpeMeHHOro poga rerpaja dusmueckH HACH- 
TudHIIHpoBaH C BEKTOPOM CKODOCTH HaÓJII0/IaTeJIs, BeKTOD IIDOCTDaHCTBeHHOTO poga — c HaIpaB- 
JICHHAMH OCH JIOKaJIBHBIX KapTe83HaHCKHX KOOD/IHHATOB, KOTODBIMH OH IIOJIb3yeTCs, OKa333JIOCb, 
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YTO HEIOTOHOBCKOe NOHATHE OO OTCyTCTBMH pOTANMH JIydIIIe BCeTO IIDe/ICTABJICHO, KOT/Ià BeKTODbI 
IIDOCTDaHCTBeHHOTO poga HO/IBeprarorCa mnporaranuH Pepmbe BJIoJb MHpoBoii وس‎ H30/I- 
DATENA. i 

Ilosenenne CBOĜOMHbIX wWacrHH HccUeuyerCa NyTËM MOFYHHeHHA TeTpajiaM ypaBHennit 
reogteauueckoit HICeBHAaIAH. CoopyKena IIpocTas MOMEJIb ¥KHPOCKOIIA IIOCDe/ICTBOM BHAOHSMEHEHHA 
ypaBHeHuH ,Papapetrou* cnuuoBoi npoOHoH wuacrunbr. IIoBegenue əTOÄ monenn TOBODHT 
B 037 BBIIIeyKa3aHHOTO TOJIKOBaHHA Irponarauuu Depmee. 

TomkoBaHHe 9TO pa3BHTO Ha OCHOBaHHH H3yUeHHs IIpepbIBHOCTH TeH30pa PrmaHHa Ha 
orpaHHueHHMH MHpoBoH TpyOKH BerrecrBa npH ymnorpe6Onenuu ycnoBuit JIuxsapopuua. 
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A DISCUSSION ON BILOCALITY. II. 


By Jerzy ک۸‎ 
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Two versions of bilocal field theory are discussed, one of them ‘leading to a rotator 
model of elementary particles in the usual space, the other to a rotator model in the isotopic 
spin space. It seems that a simultaneous consideration of both generalizations, leading 
to a classification of particles according to spin and isospin, is most promising. The higher 
states of mass seem to be connected with rotations in the isospace rather than in the 
usual space. 


INTRODUCTION 


The present status of the fundamental physical theory is surely unsatisfactory. 
Nevertheless, it seems that we are right in cultivating the Quantum Field Theory 
which cannot be entirely wrong but most probably is incomplete. The growing number 
of newly discovered particle sorts as well as the increasing usefulness of the notion 
of isospin (isotopic or isobaric spin) may be regarded as hints that we have to modify 
the concept of field quantity so that a single field quantity describe a whole family 
of particle sorts. This would mean a progress similar to that leading from an indi- 
vidual description of particles in the configuration space to quantum field theory 
` (where any number of particles of the same kind is described collectively by means 
‘of a single field quantity). This may be achieved most simply by increasing the number 
of degrees of freedom, i.e., of the arguments of the field quantity. Whether the pre- 
tended increase of the number of degrees of freedom should mean a departure from 
the point model, i.e., an internal structure of the particle in the usual space, or whether 
the new degrees of freedom should be disconnected from space-time, is an open 
question. | 

We shall present here a discussion on the nature of the pretended new degrees 
of freedom. The discussion will be presented again in form of a dialogue between two 
physicists, a Quantist and a Relativist!, and may be regarded as a continuation of the 
former article under the same title (Rayski 1956). However, the knowledge of the 
former is not necessary for reading the present article. 


1 Now we assume them to be aware of the present status of experimental knowledge. 


(401) 
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A GENERALIZATION OF THE YUKAWA FIELD. 


Quantist. The most conspicuous and serious defect of the contemporary theory 
is the fact that only two, and not three dimensional constants (c and h) have been 
incorporated into its framework. It cannot be a pure chance that the two main advances 
of modern physics: relativization and quantization are closely connected with the 
introduction of dimensional constants. This succesful period cannot be regarded as 
closed until a third dimensional constant with dimension of length will be intrinsi- 
cally incorporated into fundamental physical theory so that, in natural units 
c—h-l-1, every physical quantity may be regarded as dimensionless. Thus, the 
present theory is to be revised once more in order to include a fundamental length 
l similarly as it was revised, or rather revolutionized, by relativization (incorporation 
of c) and quantization (incorporation of ۸(۰ 

Relativist. In view of the fact that the procedures of relativization and quan- 
tization exhibit no similarity at all, the requirement of incorporating the constant / in 
a similar way as it has been done for the constants c and h seems to contain no hint 
as to how this can be achieved. One might argue that the procedures and the whole 
methodology of relativization, quantization and introduction of the constant l may 
be quite different one from the other, so that a discussion of the former two cannot 
help us in guessing the third, yet unknown, procedure. 

Q. I prefer another viewpoint: the procedures of incorporating the fundamental 
constants c and A look so different since the whole business (of incorporating dimen- 
sional constants) has not yet been closed and we have to do with an incomplete picture. 
The three procedures, if collected together, may reveal a new and unexpected sense 
of the whole scheme. Thus, we have to focus our attention just upon the methodolog- 


ical discrepancies between relativity and quantum theory and try to introduce the | 


fundamental length in such a way as to soften the discrepancies and bring everything 
into an intelligible, harmonious scheme. 

R. The main methodological discrepancy between the procedures of relativi- 
zation and quantization may be seen in the fact that the former is concerned, in the 
first instance, with space-time itself and only in the second instance with mechanical 


models (particles, fields), whereas quantization is concerned only with the latter. 


Indeed, by introducing the notion of Minkowski space and uniting its coordinates 
into a four-vector, space and time have been relativized. The relativization of mechani- 


cal models, i. e., ascribing to the quantities characterizing the models certain trans-. 


formation properties (scalar, vector, etc...), is a secondary act: the properties of 
mechanical models are adjusted to the structure of space-time itself. On the other 
hand, the traditional procedure of quantization is concerned exclusively with mechani- 
cal models and does not touch the structure of space-time at all. Quantization of 
space-time is unknown. 

Q. This seems to be a methodological defect. We have to quantize space-time 
first. The traditional quantization (h-quantization) should be regarded as a secondary 


EP 
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procedure endowing mechanical models with some properties conformal with the 
structure of space-time itself. 

The decisive point of the quantization is the replacement of generalized coordi- 
nates and momenta by operators satisfying the well known canonical commutation re- 
lations. In this way it was possible to quantize material points and other models character- 
ized by coordinates and momenta. On the other hand, the fact that space-time points 
do possess coordinates but do not possess momenta was a stumbling block for space- 
time quantization. The way out of this difficulty seems to be as follows: at the bottom 
of the mechanical notion of momentum canonically conjugate to the coordinate lies 
the notion of the operator of infinitesimal displacement (of the coordinate). We may 
consider the coordinates of space-time x, in abstracto (i. e., without connection with 
mechanical models) and regard them as operators x,. Their counterparts are the in- 
finitesimal displacement operators d,,. Thus, instead of the classical space-time manifold 
we consider an abstract scheme consisting of the operators x and d. The generali- 
zation of the classical manifold to the abstract algebra with the basic elements x and d 
may be regarded as quantization of space-time. 

The operators x and d may be multiplied by complex numbers and by each 
other. The operator multiplication is associative but non-commutative. It is also 
possible to introduce the operation of addition provided we equalize the dimensions. 
An essential point is the following: since d had a dimension of reciprocal length, 
it seems natural to introduce a fundamental length J and investigate the operators 
x, and ld, or better the real operator 


u 
7 = X ba == i 1? d, (1) 

With this notation the commutation relations assume å particularly elegant form: 
[5,5 £,] —i n 55 ab? (2) 


where 


(ra) = [ 3). 66) 


Thus, space-time quantization is naturally connected with the (squared) fundamental 
length and not with Planck's constant. 

This procedure of space-time quantization is not only similar to the traditional 
procedure of quantization but also to the procedure of relativization. Relativity ex- 
tended the notion of space by supplementing it with the time coordinate whose role 
became similar to that of the space coordinates after equating their dimensions with 
the aid of a fundamental constant c. Similarly, space-time quantization means a ge- 
neralization of the classical manifold to the abstract algebra of position and displace- 
ment operators, whereby the role of the displacement operators becomes similar 
to that of coordinates after equating their dimensions with the aid of another funda- 
mental constant /?. Relativity extended the group of transformations from three- 


410 J. Rayski 


dimensional rotations to Lorentz transformations (or from general coordinate trans- 
formations in three dimensions to those in four dimensions). Similarly the quantum 
space-time allows for a broader class of transformations, namely the canonical trans- 
formations (leaving invariant the basic commutation relation (2)). 

Quantum space-time, and not classical space-time, is to be regarded as the actual 
substratum for physical events. It seems that traditional physics has not drawn all 
the consequences from this fact. The traditional models of fields and particles do not 
fit well into the framework of quantum space-time. 

R. What are the implications of the idea of quantum space-time? 

Q. The idea of quantum space-time implies that the position and displacement 
operators have to be treated, as far as possible, on equal footing. This suggests that 
in a correct field theory the field quantities will be functions of the elements of quan- 
tum space-time: 


y = y (Em Eno). (4) 


In this way the field quantity becomes an operator. The transition from the local to 
the bilocal field theory 


(êy) v (Eu 5,9) (5) 


may be regarded as a field quantization in the spirit of space-time quantization (J- 
quantization, to be distinguished from the traditional A-quantization). Of course, the 
bilocal field theory should be subjected also to the usual procedure of h-quantization 
(second quantization). 

In the x-representation the operators Pe become matrices 


, 7 €; , 7 / tt s 9 , » 
«x £alx > = xs OM (x -x" ),— «x eulx 7 y 0۵ (x' — x^^) (6) 
u 


and the bilocal field quantity becomes, in general, a non-diagonal matrix, or a function 
of a pair of points 


«xy (Eua) > = v (xx). (7) 


As is well known, the local field theory corresponds to the point model of elementary 
particles. But the model of an elementary particle underlying the bilocal field theory 
is not a material point but a bipoint. Bipoint models may be regarded as genuine 
quantum models of elementary particles, whereas a point model is only an oversim- 
plification. 

R. Your philosophy leads to the notion of a bipoint particle characterized by 
a manifold x’, x". Since neither of the points forming a bipoint is distinguished, it 
is more natural to use the variables 


1 A TWO 
u= وی‎ Tu = Ry gs (8) 
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where x, are the coordinates of the particle centre and r, mean the relative coordinates. 
The field quantity describing the bipoint particles is p(x, r). It seems to me 
that you could assume, from the very beginning, that the point model is 
insufficient, and that the field quantity depends on some additional degrees of 
freedom. 

Q. Of course, I could start with this assumption without the *philosophy of 
quantum space-time“ but then I would have too much freedom in choosing the 
additional variables. 

R. The appearance of new degrees of freedom is promising but I am not sure 
whether your variables r are appropriate. I can well imagine that the new degrees 
of freedom are not interpretable within the framework of usual space-time, but form 
quite another space. 


Q. I am against the assumption of a new space (or against increasing the number 
of dimensions). Such assumptions are rather mystical. The only sound idea is to use 
more elaborate models of elementary particles, i. e., to introduce new degrees of 
freedom in the usual space. A bipoint is the next simplest possibility (besides the 
mono-point) and the philosophy of quantum space-time.makes it plausible that it 
is a very .natural possibility. 

R. Mystical are things for which there are no hints in experiment. But isotopic 
spin may be regarded just as a hint in favour of a new space. I don't wish, however, 
to interrupt you and I shall come back to this point later. 


Q. In order to guess plausible forms of field equations we have to take account 
of the transformation properties of the elements of quantum space-time. These 
elements may be subjected not only to Lorentz transformations (or general coordinate 
transformations) but also to canonical transformations. The field equations must 
take into account the analogous role played by £,, and £,4. This requirement is no- 
thing else but Born's (1949) idea of reciprocity. 

R: An analogy between £,, and £,4 seems to exist indeed. The question is only 
how far reaching this analogy is. Is it as far reaching as the analogy between x and ct? 
The time coordinate is not completely equivalent to the space coordinates, which 
fact is reflected by the ps-euclidean character of space-time, enabling an absolute 
discrimination between space-like and time-like four-vectors, but otherwise the roles 
of all four coordinates are so much alike that all physical laws are invariant under 
the group of Lorentz transformations. Are position and displacement operators also 
equivalent to such an extent that all physical laws should be invariant under canonical 
transformations? This may be doubted. 

Q. The position and displacement operators transform differently under trans- 
lations and therefore they cannot appear in all equations quite symmetrically. The 
expected equivalence of £, and £,, may acquire only a restricted sense. Besides, there 
exist several meanings of isotropy in quantum space-time. 


Let us consider the following fundamental forms: [f a F].. , las F ]4. » where 
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the minus (plus) sign denotes a commutator (anticommutator) and F is an arbitrary 
function of £,,. In an (x, r) - representation these forms become 


<lin 71 (9a) 

Za Se r 

Kg Eu Fl. 7 = xa F (xr) ( ) 

«c [Bam =P FG Dads ppc (9c) 
d 7 [£s F]4 P = — il? E ROT) ٦٦ (9d) 


We may also use a (p,r)- or a (x, k)- or a (p, k)- representation whereby the 
roles of coordinates and momenta are interchanged, e. g., instead of x, and 
p, — i8[8x, we have p, and x, = i 9/8 p, etc... in units c=h=l/=1. We may also go 
back to a classical level and regard x, r, p, k as c-numbers. The phase space of the 
bipoint model is formed by the quantities x, r, p; k. Now we have to consider cova- 
riance properties with respect to canonical transformations in this phase space. 
It seems to me rather strange that the subgroup of orthogonal (or ps-orthogonal) 
linear canonical transformations (rotations in the phase space) has not yet acquired 


any particular significance in theoretical physics. It seems that the physical laws - 


should possess some isotropic features (with respect to quantum space-time or to the 
phase space of the bipoint) which may be exhibited by considering the continuous 
group of linear orthogonal or ps-orthogonal canonical transformations. 

R. Thus, you are aiming at a *special canonical theory* similarly as there exists 
a special theory of relativity. 
Q. Let us consider the group of canonical transformations with the invariant 


form 
2 2 ; 
41— 649 = inv (10) 
The same group leaves invariant the forms 
کر‎ P 5 inv and x2 — k? = inv. (A) 


It is a one-parameter group of transformations 


Ena = Coy Epi (11) 


where 


(Ca) = (uat, V1). 2) 


Then we may consider a gróup óf canonical transformations سیت‎ by the 


invariance of the forms 


Xa — Ta = inv and p2 — k? = inv. " (B) 
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If a physical law (equation, property) is covariant with respect to transformations 
indicated by (A) or (B) we may call this law canonically isotropic in the direct or 
indirect sense respectively. It seems impossible to secure simultaneously both types 
of isotropy but it is possible to secure either one of them or to have a coexistence of 
two types of laws characterized by different symmetries (isotropies). 

Let us investigate the following set of conditions 


(podus O p + m =M (p, + k,)* = 0. (13) 


These conditions are remarkably symmetric. They may be written also in the equi- 
valent form 


i — m? = 0 Tu Pu = 0 (14) 
pit m* ے‎ (15) 
k2—m? = 0 ky Py = 9. (16) 


It may be easily proved that the conditions (14) together with (15) are canonically 
. isotropic in the direct sense, the conditions (16) together with (15) are canonically 
isotropic in the indirect sense, whereas the whole set (14) — (16) is pyrameiric with 
respect to the transformation rk, k> — r. 

The problem consists in expressing theabove set of conditions in field-theoretical 
terms. This cannot be done by replacing simply p, k, r by operators and treating all 
relations as conditions upon a field quantity, since these conditions do not commute 
with each other. On the other hand, it is possible to satisfy simultaneously all of them 
by regarding (14) as supplementary conditions upon the range of variability of r, 
(conditions of redundancy) and to treat (15) igether with (16) as conditions upon 
the field quantity. The conditions (14) show that ۶ as well a8 r,p, are redundant 
variables, so that the field quantity is to be i denn of ri (i. e., homogeneous 
of degree zero in r,) and independent of the projection . ^ 7, in the direction of p,,. 
The second condition (16) regarded as a 0ئ‎ upon he field quantity; 


2 
Phe = ipa 0 | (17) 


expresses also the fact that g is independent of the projection of r, in the direction of 
p, Thus, relation (17) may be dropped and we are left with two equations 


(Pat mp =0, A — (18) 


together with two auxiliary conditions of redundancy. (14). It is easily seen that 
equations (18) supplemented by the two auxiliary conditions (14) possess integrable 
solutions only for discrete values of the parameter m: 


0 2 0. | Q9) 
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The eigensolutions to the eigenvalues m, are spherical harmonics. The eigenvalues p, 
may be interpreted as the energy momentum of the particle. As is seen from (14) 
the particle is represented (in its system of rest) by the surface of a sphere with radius 
r — m. The underlying bipoint model is a rotator. The excited states of the rotator 
correspond to higher eigenvalues of the mass of the particle. If g is a scalar, then the 
spin of the particle with mass m, is determined exclusively by the internal angular 
momentum and is equal to n. Thus, the bilocal field constructed upon the relations 
(13) or (14)—(16) describes a whole family of particles with different spins and masses. 


R. You have made great efforts to promote the symmetry between the position 
and displacement operators, but the result is that you succeeded only in securing the 
invariance of some features (and not of the whole contents of the theory) with respect 
to the transformations indicated by (10) or (A). Your equations (14) together with 
(15) are invariant under transformations characterized by (A), while (16) are not 
invariant under this transformation but (together with (15)) under another transfor- 
mation characterized by (B). Maybe it is all right that only the geometry of the bipoint 
(characterized by the commutation relations (2) and by the conditions of constraints 
(r, + p,)? = 0) is invariant under the group (A), whereas the remaining conditions 
(the equations of the bilocal field determining the dynamics of the bipoint) should 
be no more isotropic in the sense (A) but in the sense (B). Maybe it is right, maybe 
it is not. At any rate your deductions cannot be regarded as unavoidable. It seems to 
me that there exists at least one more alternative, formally similar but different in 
the interpretation. 


Q. Explain me, please, your alternative. 


A GENERALIZATION OF THE PAIS THEORY. 


R. My starting point is exactly the same as yours. I am also convinced that the 
traditional theory is defective since it ignores the existence of a fundamental length. 
This fundamental constant should be introduced in a similar way as c and h have 
been introduced by relativization and quantization. I think there is a common feature 
in these procedures: The constants c and A were useful for producing a conceptual 
fusion of apparently different qualities (coordinates with time or momenta with in- 
finitesimal displacements of cóordinates). Now, we have only one more dimensional 
quality, namely the rest mass (or the square of the momentum four-vector) which 
might be expected to be fused with something else. But there is nothing left to be 
combined with it. This was the reason for the impotence to incorporate a fundamental 
length. So, the necessity of incorporating a fundamental length implies the existence 
of new coordinates u characterizing the elementary particle. The pretended fusion 
may be achieved by means of the formula 


tm - ڈور‎ or Ip? pu =0, (20) 
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Q. This formula is of the same type as the first formula (14). It may be seen that 
it is only in consequence of the first formula (14) that the constant / has observable 
consequences in my formalism. 

R. But the variables u do not need to be internal structure variables in the usual 
space, neither to form a four-vector with respect to Lorentz transformations. The 
variables u may constitute a space of their own and have not to be influenced by 
Lorentz transformations. 

Q. In this case the second condition (14) is out of place. It was introduced to 
secure the space-like character of r,. Now, we have to assume only a positive definite 
form u?. l 

R. Yes, we may assume that the u-space is a euclidean n-dimensional space and 


introduce the momenta j canonically conjugate to u. The most straightforward way 
of generalizing the Klein-Gordon equation is to treat all momenta on the same footing 
and to postulate 


(p? + 7?) y(x,u) = 0. (21) 


The condition (20) may be satisfied without contradiction with (21) by assuming that 
the solution y (x, u) is a homogeneous function of degree zero in the variables u. 
Then the solutions of (21) are spherical harmonics in the u-space and, in the case of 
a 3-dimensional u-space, the mass spectrum is identical with your (19). 

Q. In my formulation the particles with higher masses m, possess higher spins n. 
But now the rotations in the u-space have nothing to do with spin but mean something 
else. Do you think they have something to do with the isobaric (isotopic) spin? 

R. I think that the u-space is identical with the isobaric spin space (isospace), 
but the isospin is perhaps not the total angular momentum in the u-space but only 
a part of it characterized by the index attached to the field quantity. In this way 
we may avoid particles with higher states of charge and can understand why isotopic 
spin is not conserved in all interactions: indeed, only the total angular momentum 
must be conserved, but not its *orbital^ and “internal“ parts separately. 

Q. So, your field quantities y, (x, u) possess, in general, two indices, where the 
first (second) index is connected with the x-space (u-space). According to the character 
of the two indices there are four possibilities: bosons-isobosons, bosons-isofermions, ' 
fermions-isobosons, and fermions- isofermions. 

R. Bosons-isobosons are described by equation (21) whereas fermions-isofermions 


by the linearized equation 


(iy, p, + it tj) y= 0. (22) 


where 7 = 7 ufu is the radial component of T. - 
In order to describe fermions-isobosons it seems natural to assume a mixed equation 


(y, p, + Lj?) y = 0, | (23) 
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Q. There is still another possibility of describing bosons-isofermions and fermions- 

7 7 7 B 2 ا‎ 
-isobosons. We may first split equation (21) into two parts (p, + m?) y = ر0‎ 
(j? — m?) y = 0 (squared mass being a separation constant), and then linearize 


either of them. In this way we get 
(p+ my =0, (irri +m) =0 (24) 
for bosons-isofermions, and 
(i, p, +m) y=0,  (—m)y-o (25) 


for fermions-isobosons. In this way we have two distinct possibilities, (23) and (25), 
for fermions-isobosons. 

By the way, I should like to point out that similar alternatives of field equations 
may be postulated also in the case of r-variables leading to exactly the same mass 
spectra. However, their interpretation is different. E. g., in the case of a completely 
linearized equation analogous to (22) (with two different sets of Dirac matrices), we 
have two spinor indices which means bosons and not fermions. Similarly, the analogue 
of (24) means fermions and not bosons. 

R. We take account of the supplementary condition (20) by assuming y to be 
a homogeneous function of degree zero in the u-variables. Then, the equations describ- 
ing fermions (22), (23), and (25) lead to the following mass spectra 


My = ala Warn 20,198; (26) 


for isofermions, and 
ig [n(n + 1)'5 or m,— A [n(n + 1)]4 i (27) 


for the two families of isobosons. Assuming that the lowest value of the fermion- 
isofermion family corresponds to the nucleon, and taking for m, in (26) the arithmetic 
mean of the proton and neutron masses, we may compute / = 1 مہ/‎ The next members 
of the nucleon family have masses 


m, = 2% my = 2598.5, m, = 3% m, = 3180. 


With the same value of the constant / we get from (27) for the two isoboson families 
the following (lowest besides the value zero for n = 0) mass terms 


m, = 2% m = 2315, or پھر‎ = 2% m, = 2185 ! 


The above values coincide very well with the mass values of the known hyperons: 
the cascade hyperon =~ with mass 2587 + 6, the pero of Eisenberg with mass 


توو 
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probably close to 3200, the hyperon Z+ with mass 2327, and the hyperon 4° with 
mass 2181,7. According to the scheme of Gell-Mann, the hyperon = is an isofermion 
whereas the hyperons Z and A are isobosons. Neglecting the heaviest hyperon (whose 
existence is not yet certain) we may compute the probability of obtaining with such 
an accuracy the values for the masses of the known hyperons E, X and A by pure 
chance. This probability is only 10-4. 

Q. This is impressive. I see that your point of view connecting the problem of 
mass spectra with rotations in an isospace (instead of in the usual space) must be taken 
seriously into consideration. It is possible to obtain the same numerical values of the 
masses also in my formalism but a classification of families as isobosons or isofermions 
is then inexplicable. Therefore I regard your formulation for superior. My endeavour 
to explain the mass spectra in terms of rotations in the usual space was a failure. Per- 
haps the whole idea of bilocalisation in the usual space is a complete failure. 


A FUSION OF BOTH GENERALIZATIONS 


R. Your pessimism is unjustified. If the mass spectra are not explicable in terms 
of rotations in the usual space but in an isospace then your equations (16) are unneces- 
sary. But this does not mean that everything is to be abandoned. You may abandon 
(16) and retain (14) together with (15). From a formal viewpoint this is even advan- 
tageous since the set (14), (15) is covariant with respect to transformations character- 
ized by (10), whereas (16) was not. Therefore the resignation of (16) makes your theory 
more uniform. It seems to me that our points of view should be united and 
that a complete description of elementary particles requires two sets of auxiliary 
variables i 


yp=y (Xp. Ty U). (28) 


This means a classification of particles according to spin as well as isospin. 

Q. But is it not too complicated? 

R. The assumption (28) is not so much complicated but richer. Nature has often 
proved to be richer than we expected, but its apparent complications have been 
always rewarded by a new symmetry and more perfect beauty. 

Q. This sounds comforting. It saves my ideas of covariance with respect to the 
canonical transformations (10) and of space-time quantization. These ideas promote 
a symmetry between position and displacement operators and lead necessarily to higher 
states of spin. The authomatic inclusion of higher spin values seems very satisfactory 
from the point of view of the theory of group representations. In a satisfactory theory 
neither of the representations of the group of rotations should be discriminated, and . 
therefore all spin values should be included automatically. 

The treatment of the u-space seems also satisfactory. There exists a symmetry 
of the u-coordinates and their canonically conjugated momenta j: you could as well - 
exchange their role in (20) and (21). Thus, u and j are reciprocal. 
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R. I should like to point out another satisfactory feature. Since the new field equ- 
ations possess integrable solutions only for certain discrete values of the rest mass (mass 
quantization), the rest mass is no more a foreign element introduced ad hoc into the 
formalism. In the pre-relativistic theory the mass M was an inexplicable constant. 
Relativity tought us that it is not a mere parameter but a function of the momenta 
M= (p? -+ m?) and may be split into the “kinetic mass“ and rest mass M = m, + 
-- m. Now also the rest mass ceased to be a mere parameter and became a function 
of some momenta (i. e., of the angular momentum in the iso-space). In this way the 
evolution of the notion of mass (or energy) initiated by relativity seems to have been 
completed. 

Q. Let us speculate a little on the meaning of the u-variables. The assumption 
of iso-space being a real space (beyond the usual space) seems to be quite inadmissible 
since this space would possess very ugly properties: it could not be isotropic since 
the electromagnetic fields privilege an axis in it. The essence of the concept of a space 
is the covariance with respect to the group of rotations in it. But just this covariance 
is violated by weak interactions. If the maintenance of a concept requires such sacri- 
fices, it means that this very concept is to be abandoned. We have to get rid of the 
concept of an autonomous iso-space similarly as we got rid of the concept of aether. 
Both concepts are nothing but spooks. I shall feel happy only if I succeed to interprete 
the u-variables as some new degrees of freedom in the usual space. 


The manifold that is necessary for a description of isospin is isomorphic with 
the manifold of points on a sphere. But your formulae (20) and (21) show that this 


sphere is embedded in a metric euclidean u space. Therefore it is to be expected 


that u denotes a direction in the usual space. Besides, your formula (20) is similar 
to my (14) so that I suspect an intimate relation between them. If it is so, the question 
arises whether I have not overlooked something when quantizing space-time. The 
question is whether the procedure of space- quantization (bilocalization) has been, 
or not, exploited to its utmost? 


R. You may treat your variables x, and r, as operators, introduce their counter- 
parts in form of displacement operators, and assume that the field quantity depends 
on both. This would lead to the conclusion than in a representation, the field quan- 
tity depends upon four sets of variables x’, x”, r',r". This is a second /-quantisation. 
But this procedure may be repeated ad infinitum. 

Q. The mechanical application of the procedure of bilocalization would mean 
simply a transition to the configuration space of two, four, etc... particles. However, 
the first /-quantisation (the first bilocalization) has led us not to a pair of point particles 
but to anew entity: the bipoint particle (rotator). It was due to the introduction of 
constraints (expressed by (14)). Now, when performing a second J-quantization, we 
have also to introduce some constraints in order to avoid a trivial transition to a deo 
of bipoint particles. 


R. The constraints (14) have been guessed by advocating the requirement of 
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covariance with respect to the group of transformations indicated by (10). How do 
you propose to find out and to justify the new constraints? 

Q. By analogy. The constraints (14) have the effect of limiting the freedom of 
translational motion of the constituents forming the particle. The new constraints 
to be used on the level of the second bilocalization may have the effect of limiting 
the freedom of the rotational motion of the constituents of the particle. I shall postulate 
that the two rotators described by r’ an r” are compelled to rotate in an opposite sense 
so that their resultant angular momerítum is zero. Thus, these two rotators form an 
entity which does not contribute to the total angular momentum. This new entity 
may be called *isotor*. The degrees of freedom of the isotor are, e. g., the angles 
gy’, 0' describing the direction of one of the rotators in a system of reference connected 
rigidly with the other rotator. The degrees of freedom of the isotor are probably iden- 
tical with (two independent of) your u-variables. The states of motion of the isotor 
are nothing else but different relative rotations of its two constituents. In this way 
the iso-space acquires a physical meaning in the framework of the usual space and 
is interpretable as the space of relative rotations inside the particle. 

R. I should like to emphasize the following fact which seems to be very impor- 
tant: Now there exists a privileged axis so necessary for the isospin. It is the common 
axis of the (opposite) rotations in the isotor. This very fact makes your interpretation 
plausible and very promising. : ‘ 

Q. In view of the fact that the internal degrees of freedom of the isotor are no- 
thing else but angles on a sphere (with a radius determined by the length of its consti- 
tuent rotators) your condition (20) is quite understandable and does not constitute 
any new assumption. Owing to the existence of constraints, the degrees of freedom 
x, x", r', r” (or better x, r, r', r”) reduce to the x’ s, two independent of the 7’ s (angles 
9, 0) and two independent of the r’, r“ (relative angles oy’, 0"). The » last are 
equivalent to (two independent of) your variables u. The mass is not a mere para- 
meter but an operator determined (alternatively) by one of your formulae (21) — (25) 
together with restriction (20). 

R. Now, after having broken through, the existence of the new degrees of freedom 
may be justified very briefly without taking advantage of the procedure of bilocali- 
zation and without the philosophy of /-quantization. We may put it as follows: 

The traditional theory of elementary particles used the simplest possible model — 
the material point. This followed from the conviction that only the point model is 
compatible with the notion of elementarity. Such a point of view is too narrow and 
has to be revised. We may assume that the particle is an object (body) with an internal 
structure provided the structure itself has an elementary character. Let us consider 
the motions of a body in general. These motions may be classified into (1) those 
which contribute to the total momentum, (2) those which do not contribute to the 
total momentum but do contribute to the total angular momentum (internal motion 
of the first kind), and (3) those which neither contribute to the total momentum nor 
to the total angular momentum (internal motion of the second kind). This classifi- 
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cation is very natural from the point of view of the group of transformations in space 
(since the notion of momentum is closely connected with translations, and the notion 
of angular momentum with rotations of space coordinates). A general body is able 
to perform all three types of motion. We may regard as an elementary particle a body 
with the simplest possible structure allowing to perform all three types of motion. 
The simplest structure of a body whose motion contributes to the total momentum 
is a material point. Its motion is a translation. The simplest structure of a body whose - 
motion contributes to the total angular momentum (but does not contribute to the 
momentum) is a rotator (its motion may be called external rotation). The simplest 
structure of a body whose motion neither contributes to the momentum nor to the 
angular momentum is an isotor (i. c., a pair of rotators moving oppositely — its motion 
may be called internal rotation.) Thus, the point, the rotator, and the isotor are three 
elementary structures. The general elementary structure is a composition of the three 
elementary structures and may be called *elementaron*.. The elementaron is the ge- 
neral model of the elementary particles. Besides the translational degrees of freedom 
it possesses two externally-rotational degrees of freedom contributing to the angular 
momentum and two internally-rotational degrees of freedom which do not contribute 
to the angular momentum. These new degrees of freedom are described by angular 
momentum variables and isotopic angular momentum variables. The field quantity 
is a function of all these variables and may possess two indices characterizing its trans- 
formation character under external and internal rotations respectively. The first is 
a spin index, the second an isospin index. ) 

Q. Let us go over to the question of interaction. The interactions may be classi- 
fied into those conserving (or not) the internal angular momentum (momentum in 
isospace) or its projection upon the privileged axis. We may investigate also interac- 
tions with (or without) conservation of its orbital part. We notice interesting rules 
equivalent to those of Gell-Mann and Sachs. Let us define the attribute a as follows 


n for isobosons 
g 
n + 1/2 for isofermions. 


Antiparticles possess a reversed attribute. With this definition we get the following 
assignments 


name| x*" | K-?| N**^| A? | Z&* 0 


a | o | 12] 1/2} 1 
(a is an antiparticle to K~*° and has the attribute — sels The سم‎ 
1 


rule holds: for Aa = 0 the inferactions are strong, for |4a| = the interactions 


2 


are deam and for |Aa| >a gj the interactions are still weaker. The present scheme i is 
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more regular than that of Gell-Mann or Sachs since now the attributes are of the same 
sign and ascend monotonously with mass. The connection of the attribute a and the 
projection of isospin T, with the charge Q is 


Oe E + Tj for bosons 


—e(a — l + T4) for fermions 


R. Fermions have always had some features beyond human power of imagination, 
so that we cannot hope, also at present, to have a clear picture about what is going 
on with them. But at least for bosons-isobosons the meaning of everything becomes 
quite simple and clear, n determines the square of the angular momentum of the 
internal motion and, at the same time, its maximal projection. The direction of its 
maximal projection is just parallel to the axis of the isotor. Thus, the selection rule 
simply states that strong interactions conserve the projection of the internal orbital 
momentum (relative momentum) upon the privileged axis, and weak interactions 
do not. In the case of isofermions the rule complicates and we have to shift the pro- 
jection n to n 4- 1/2: 

The square of the relative orbital momentum determines the mass. Hence, the 
mass is a manifestation of the internal rotation. The charge is another manifestation 
of the internal rotation. In the case of bosons-isobosons it is simply the projection of 
the total momentum of the internal motion upon the privileged axis. In the case of 
fermions the charge is shifted (there is an additional eigen-charge). 

Let us hope that the physical interpretation of charge and mass will promote 
also the future progress of the unitary theory of gravitation and electromagnetism. 

Acknowledgement. The author thanks Mr. L. Wolniewicz for a helpful 
discussion. | 
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SOME REMARKS ON THE BLOCH'S THEORY OF SPIN-WAVES 
Bv Z. SEMADENI 
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(Received August 2, 1956) 


As one of the greatest successes of his theory of spin-waves Bloch showed (1930) 
the following dependence of spontaneous magnetization upon temperature 


— => JE 7 : 

M(T) = M(0) - | — (5) | (1) 
This was confirmed experimentally. On the basis of the Heisenberg-London model, 
Bloch treated the interaction of electrons as a perturbation. This leads to a system of 


linear equations from which an approximate solution is obtained. Knowledge of the 
energy states ےہ‎ (p = 1,2,..., N) permits the determination of the partition function 


N 
NHy — Y' ny (e, + 2Hy) 
Z= X ex tu. p CN Rs (2) 
XP kT 


where H is the external magnetic field intensity and u the “Bohr magneton“; the 
summation >} is extended on all systems of integers n, >0 satisfying the inequality 


{2} 
N 
22 n=. 
p=1 
The next step in Bloch’s argument was the following. Let us consider the con- 
vergence of the series 
Zo + Zi + Z+. (3) 


where 


اود + وم ۶2 TT exp‏ و 
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The left side of the identity 


o N 7 NS m. 
X [ exp "و‎ 48 2m - [I 2 exp S zT اود‎ (4) 
{n} 571 | p=1.n, =0 
is equal to the sum of (3), the right side is the product of N geometrical series, each 
with the, quotient 


+ 2H 
2 IE 2.0 تی‎ E (5) 


27 : 
For the linear chain e, = 2J, | 1 — cos 2: and for a regular three-dimensional 


net £, — 27 Ie — cos eam — cos e 3r ( — COS m , where = 


= N, kp» ly, m, = 1, 2,..., G and J, denotes the exchange integral of Heitler-Lon- 


don. Heisenberg has shown that J, > 0 for ferromagnetic substances. It follows 
that e, + 2 Hu > 0 for H > 0, whence the expression (5) is < 1. Series (4) and (3) 
N 


oo 


are convergent, i. e., the difference >) Z, — >} Z, tends to zero as N— oo. This allows 


r=0 r=0 

N co 
>) to be replaced by >} and therefore 
=0 r=0 

۸۷۷ N NHu 1 

kT‏ وت 

= 27, 6 ————————— o 
2 s xm oy ^ 
kT 


The average magnetisation with the field H can be calculated from the formula! 


= 0 4 €p + 2 Hu 
M (tT) = er E or £ - $ sa" E 


1 In Bloch's paper there was a small mistake: 


N 


M (H, T) = Nu—p 
pa اض مہ‎ == 
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For a linear chain 


N-1 
M (H, T) = Nu — 2p DE 
ج‎ 


0 2 (1— cos ~ -2Hy|—1 (7) 
exp 


This Riemann-sum may be changed into the integral 


N-1 


M = Nu — 2u E " 
exp [2% ( cos =) j 2a} —1 ) 


0 


H J; 
where x = TT and f = FT: It is easily shown that for all values of T the expression 
(8) tends to infinity as H—0. From this reason Bloch concluded that a one-dimens- 
ional lattice cannot be ferromagnetic. In the three-dimensional case the analogous 


integral is convergent; after some simplifications Bloch obtained the formula (1). 
N-1 N-1 
We now proceed to estimate the accuracy of the step from >) to ip The 


p=0 0 
b 


difference betwegn an integral 1 9 (x)dx and the Riemann-sum with a partition 
MW 
a 


n = [a = xy < X1 < وھ‎ <... x, = b] does not exceed the value of the mean oscil- 


lation 
AQ 5 a, b) = $) (My — m) (e—a) 6) 


where M, — 2 9 (x), m, — n 9 (x), A, = (x, .,, x). Thus the expression (9) gives a 
Ak 


measureof precision for the passage from >} to f . Suppose for simplicity that NV is 
divisible by 4, i. e., N = 4n. The function 
1 


Ter + + 7 09 


decreases in the interval <0, 2n> and increases in <2n, 4n>. Therefore the mean 
oscillation with the partition Ny = [pg = 0<p, = 1« ...—p,, = 4n] can be computed 
immediately. For the interval <0,2n> it is M; = m;_,, whence 


1 1 2a (e48 — 1 
Ala 0,22) f) — On) = sae a = GR GTR 
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and likewise 


E FE ius (1-cos =), 


[25 (i-o A) +2a 1] [40-420 1] ۱ 


A (79; 2n, 4n — 1) = f (An — 1) — f (2n) = 


Hence. for H>0 
lim A (7%; 0, 4n — 1) = lim [A (m; 0 2n) + A(T; 2n, 4n — 1)] = >. 
H-^0 a-0 
N1 N-1 : 
In order to demonstrate that the change >} on 1 is not permissible, we shall 
J ò 
make an estimation from below. The part of the difference سوہ‎ f corresponding 


Fig. 1 


,to the interval <0, 1> is represented geometrically by the area ABC and exceeds 
the area ABD because f(p) is concave in <0,1>: 


1 
- 2 
XS E E LO for 


1 5 
[e "d zu — cos A) + 20 J” 
lim Y Es > lim 
0 


MEN Ct eC‏ ا 


This difference cannot be compensated for <1, 4n — 1> because the mean 


oscillation in each interval not containing a neighbourhood of zero is bounded when 
N-1 NUM 

H —0. Thus, in formal abbreviation: n — ou = — oo for H = 0. 

9 


0 
The error appears still earlier. The first partial amount of the sum 


(7) correspond- 
ing to p=0 grows to infinity as H->0. This comes from extending 


the summation 
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in (2) to all integers from N to co, i. e., from replacing X by 3 The value of (5) 


—0 = 
corresponding to p=0 converges to unity as H>0. It follows 1 the value of the 


added segment of the series (3) diverges to infinity as H —0. Bloch’s procedure 
was therefore incorrect from mathematical point of view. 
Let us return to Bloch's first formula. Differentiating (2) 


28127 hay 
mire gy DH 


M (E. T) = kT. 


N 
N Nu— 2مم ز2‎ 
ا سا و اہ‎ eur 
kT kT 


and proceeding to the limit with H—>0 we get for a linear chain 


r n N‏ سو 
M (T) = Nu —2u pH E yy (11)‏ 


N 
where F(n,) = exp = A 2 »(1 — cos ail . This expression for the average 
magnetization remains finite tes all T, because it is the sum of a finite number of 
finite-valued terms. The situation is analogous fot other lattices. Therefore it can be 
stated that ferromagnetism is possible for a one dimensional lattice as well as for 
two- and. three-dimensional lattices because the spontaneous magnetization proves 
to be finite in all cases. 

In other words; in the course of his scheme of simplifications, Bloch added, 
at first to expression (11) a quantity which grows to infinity as H —0 and then sub- 
tracted another of the same kind. For a linear lattice he obtained M (T) = oo — oo = 
— — oo, however in the case of a three-dimensional lattice, both errors compensated 


n-an- i63] 


It means however that the derivation of formula (1) does not seem sufficiently 
justified. We can prove that formula (1) cannot even be called an approximation 
of (11). Let us consider E behaviour of the function (11) as 7—0. Suppose that ہل‎ — 0. 


one another: 


Then E F(n) —1 if 5 Np n — cos کے‎ Oe OI TE ا‎ "y-1 = 0, 
p=1 
nw = r. Be the other cases this limit is zero. Thus 


N 
2ہ‎ 2i r F (nj) 
r=0 m+ ny cr ۷ 


e mL 


lim | Nu —2u 


E. x D FQ) 
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The same holds for other lattices, namely 


lim [lim M(H, T)] — 0. (13) 
0۔7‎ H-0 
Transposition of lim lim to the opposite sequence passing to the limit evidently 
T0 H0 
changes the value of M(0,0): 
lim [lim M(H, T)] = Ny. (14) 
H+0 T-+0 


It might, from physical point of view, be worth noticing that interchanging the 
cooling down and demagnetization influences the internal field in the specimen. 


However, we cannot consider lim M(O,T) as the magnetic moment of a sample cooled 
T+0 
in the absence of an external magnetic field. It is rather a quantity showing the depend- 


ence of spontaneous magnetisation upon the temperature in neighbourhood of absolute 
TVs 

zero. Comparison of (12) with lim Nu ( جج‎ — Ny leads to the conclusion 

7-0 


that below a certain temperature one of the functions (1) and (11) incorrectly descrbi- 


es the dependence of M(O,T) upon the temperature. One can consider Bloch's proce- 
dure permissible only in a certain interval O< 7> کو7‎ 0. 

In the extreme case when T—0 the fact that the theory is only approximate 
(e. g. the approximate character of the solution of the secular question) comes into 
play; as a result we get a solution contrary to expactation. It would be interesting to 
explore the causes of this disagreement and so throw some light on the whole question. 
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DEFINITION OF THE LONG-RANGE ORDER PARAMETERS FOR 
n-COMPONENT ALLOYS 


By KAZIMIERZ F. WojctecHowskt 
Institute of Physics, Bierut University, Wroclaw 


In the theory of alloys of two components (Nix et al. 1038) there is defined 
the long-range order parameter s, which is later connected with the temperature. As a 
result, the free energy of the alloy can be expressed as a function of only one 
a supervariable s (neglecting the dependence on the volume v). 

We shall show that (n — 1)? long-range order parameters should be used to 
describe alloys of n-components. To do this we denote by a;, the number of atoms i in 
lattice of type k, and by N; the number.of atoms 7 in the alloy. 

It is readily seen that for alloys of two components we have the matrix A 


Tac catia 
da1 dos 


and that the equations 


dy + da = N, 
dı + dag = Ng 
and the equlibrium equation 
89 ,[ ٦ 


are valid. 
Therefore if we define parameter s so that it can be expressed by elements A, 
then we can express the quantities a4, Q12 d, Agg, parametrically as a function of s. 
In general, for an alloy of n-components we have the matrix B 


d11 Aig DIXI Ain 
Bf Om Ga don 
Bay Apgereres Aan 
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and the n equations of equilibrium 


n 


n 
>) Cp i» کی ہے سس‎ AR 
k= k=l 
of which, however, only n — 1 are lineary independent. 

The number of unknowns is n2, while the number of equations is 2n — 1. There- 
fore m long-range order parameters should be introduced, where 


m — n? — 2n 4- 1 — (n — 1), 
which is what we had to show. 
On the basis of the above it may be seen that the treatment of alloys of more 
than two components is rather complicated — for an alloy of three components it 
is already necessary to introduce as many as four parameters. It is thus clear that 


the case of alloys of two components is fundamentally different from the case of alloys 
with a greater number of components. 


Using a similar argument it can readily be shown that the situation i is de for 


the short-range order parameter o. 
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